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ELEMENTARY CALCULUS 


With a Foreword by Prof, K. B. Madhava. 
Recommended by the M ysoye University for,the 1 Intermediare classes. 
The portions - prescribed for the Intermediate 
Examination treated in a simple and clear 
manner, with several worked examples and 


| graded exercises and a large oumber of neat 
and accurate diagrams, The ideal book for Inter- _ 


mediate students. ‘Pages 180+8. Price Rs. 1/8. 


aR : 
ti The: tteagment of the gubject-matter is thorough and 


Rol Maas the explanations | being simple and clear.’ 


—“The Hindu”, MADRAS. 


"Ng . ig a i rs a 


This book has been well designed to meet the needs of the stu- 
dents of the Intermediate classes. The definitions and derivations 
are based on first principles generally, and such terms as ‘deriva- 


tive’, ‘differential’, ‘differential 2o-efficient’ are defined withelarity | { 


and simplicity.so as to be easily understood. Tho practical applica- 
tions of the method of integration and differentiation. are given 
in detail, — ‘The Edueational Review’; MADRAS, 


Fundamental :deas of functions; limits etc., have been Seninin : 


ed in simple and lucid language without lack of rigour. No 
difficulties appear to have been suppressed or slurred over. At 
every stage theory has been amply illustrated by worked exam 
ples....A large number of neat and accurate diagrams enhance 
the value of the book. I believe the book will serve the needs of 


ance ofateacher. —Mr. K. B. Madhava, M.A., A.1.A, (Lond.) 


: “The cere is o well planned and will be a good text-book for the 
Intermediate, students. ~The get- up is quite good, 


—=Dr. C. N. Srinivasiengar, D. So., 


Professor of Mathematics, College of Engineering, Bangalore. ; 


| Professor of Mathematies, Mysore University. 
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_ the teacher in the class- room, and also of the private candidate — . 
who is preparing for University Examinations without the guid- 1 


PREFACE 


. Among the Universities in Indi 

: ia, M | 
was, perhaps, the earliest'to include the gears 

‘ of Analytical Geometry and. Calculus Bir 
Intermediate syllabus in Mathematites and this 


the 


book is intended primaril 

y to supply a 
long felt in the Mysore Burra PR 
some years ago, the book has attained its present 


form after undergcing a number of modifications - 
suggested by the author’ 8 class room pease 


of several years. 

| An attempt has been ato 4a acai 
this a 

lay proper emphasis on the ade in thie wot cto 


locus and its equation have been introduced 


sufficiently early and the equations te straight 


lines, circles and other curves are derived as 


‘natural applications of the basic a 

nalytical for- 
mule connected with points. The plas mn 
duction of the gradient of the join of two points 
and the conditions for parallelism’and perpendi- 


-cularity renders the solutions to severel, pro- 


blems simple and elegant. The book is ilius- 


trated with a large uumber of neat and accurate 


diagrams which are int 

ended t0 provide 
student with a clearinsight and a eh ken 
outlook. Alternative solutions to-many theo- 
rems and problems given in the book will serve 


to heighten the interest of the reader. Another 


special feature of the book is the variety and 


range of problemscarefully selected and properly 


arranged to lead the pupils on from t 
the more difficult ones, It-is hoped thet by 


working these problems the st 
| both confidence anc fo Drofiienoy = — a, 


2 a e. 
“ mi atts Ste = 


~- 


©, Ptofessor of 


Verifying the a 
Murthy MA eae 


Dswers, 
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ghly thankful is Dr, | 


M. Krishna | 


arduous task of 


Annamalainagar, | 


| FOREWORD 


| Sri M. V. J ambunathan has been kind 
enough to send me an advance copy of the 


chapters dealing with. the straight line in his 
book on Elementary Analytical Geometry. I 


found in them a very full and careful treatment 


with plenty of illustraive material and alter- 


native modes of approach so as to impress the 


learner with the inevitability “of ncteaiatieek 


results by whatever process they may be obtain- 


‘ed. The ‘printing and get-up are good and I 


wish the book every success. 


ene Professor of Mathematics, 7 
_. Annamalai University and Editor. 
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Elementary Trigonometry — Elementary Calculus 


Elementary Analytical Geometry. 
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SELECT OPINIONS _ 


The author of the above three text books has 


met with exceptional success in his aim, namely, 
to present the subject metter of these books 
in a clear and simple manner go as to rouse the 
interest of the pupils in the respective subjects. 


‘The book on Trigonometry begins with an 


interesting historical note on the contribution 
of Ancient Indian Mathematicians to Trigono- 


metry. Details are discussed fully in the course 


of the book and the exposition is throughout 


lucid. The book abounds in worked examples _ 


and contains a good number of exercises. : 


_ The same high standard of exposition is 
kept up in the book on Analytical Geometry 
which contains a thcrough discussion 
subject as applied to straight lines. 

- The auther is to be particularly congratu- 
-Jated ‘on. the able manner in which the idea of a 


limit has been formulated.and discussed in his 


‘book on Calculus. The notion of a limit, so 
fundamental in Calculus and higher mathema- 


tics, is usually. a stumbling. block for the — 


beginner. By varied concrete illustrations the 


author leads up to the general notion in a clear ~ 


and easy manner. — 


The get up of all the three books are 


attractive and the prices are very moderate. 


“7” THE MATHEMATICS STUENT. . 


of the 


ELEMENTARY > 
ANALYTICAL GEOMETRY | 
‘CHAPTER I 


Introduction = 


1. The Subject of Analytical Geometry. The ‘chief 
feature of Analytical Geometry, or Algebraic Geometry, as 
it is sometimes called, which distinguishes it from the 
Euclidean and other forms of Pure Geometry is that in the 
former we introduce algebraic symbols and freely apply 
algebraic methods in solving geometrical problems, It has 


_ been aptly said of Analytical Geometry that, while the sub- 


ject is geometrical, the language is that of Algebra. 


Analytical | Geometry, aided by the powerful yet simple 


_ methods of Algebra, not only enables us to have a firmer — 


grasp of the subject but also furnishes universal methods — 
for the solution of a number of problems and makey possible 
a study of further problems not thought of by the earlier 


| -geometers, thus widening the boundaries of geometrical 


knowledge. 


The invention of Analytical Geometry is attributed to the re- 
nowned French philosopher and mathematician, Rene Descartes 
‘ 9 


_ who, in his book “ La Geometrie ” (1637), showed for the first time 
¢ how the methods of Algebra could be applied to the study of Geo. ~ 
@ metry. On this aceount this subject is sometimes called Cartesian 

Geometry. | fe | | 


In order to apply algebraic methods to the study of Ges: 


metry, it is first of all necessary to devise some suitable 


means of representing the position of a, point, line etc, by 
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algebraic quantities, This is dealt with in the following | 


paragraphs. a a — 
2. Axis. Co-ordinate. Let X’Ox be any straight 
line of indefinite length, and let O be a fixed Point on it. 
Suppose now, a point as 
Sere x 0 ETSY 
P is free to move on | | 
the line X’X, The = (Fig 1) 
position of P on the line is known if the length OP is 
known. For definiteness, let P be taken to the right of O. 
As the point P moves further to the right the length OP 


increases : while, if it moveg to the left the length OP i 


' Note:~ It is equally valid to take P to the left of O and argue 
that the length OP increases as P- moves to the left ; in order there. 
fore to remove the ambiguity as well. as to simplify. subsequent 
work, we may choose either of the two and adhere to it through. 


out, that is to say, we may adopt any convention, The present 


‘Convention is to eonsider the increasing direction, 


~ Sinee, if P coincides with Oitself, the length OP becomes 


the length OP is greater than zero, that is, the length OP 


18 positive and for any position of P to the left of O the ' 


The Position of any point P is then described by giving 


_the measure of OP, 1.e the number. denoting the distance 


OP, taken with the proper sign. Thus it is seen that a point = § 


P on the line X’0X can be represented by'a number, posi- 


tive or negative or zero, This number is called the adscissa 


or the co-ordinate of the point P, while the fixed point O 
is called the origin and the line X’OX is called the axis. 


DIRECTED LINES, STEPS | 3 


7 3 - Directed liaes. StePs. Let A, B be two points - 


on an axis, origin O. Then the measure of | AB with ie 

itive sign prefixed if the direction of AB, from Ato B 
oe a the positive direction of thelaxis, (as ex plim- 
een 2) or the negative sion prefixed if the oiecien 
of es coincides with the negative direction of the axis, ig 


called the directed line-segment AB or step AB. Ths. 


step AB is sometimes denoted by AB. It is clear from the 
adove definition that —_ , _ | 
- | step AB= ~ step BA | 


— 


or AB=- BA 

It is also seen that | | | vee . 
es step AB+step BA=0, Se ee 
~ or |  AB+BA=0. 


We may consider che step AB as the act of walking from A 
to B, or a journey from A to B; the step BA, then, repre- 


sents a journy from B to A. The resultant effect of ‘these | 
two journeys is to bring the individual back to the starting 


point, A. This is what is symbolically expressed. by the 
above equation, viz., | oa ee 


Another iaportant property of steps is that if A, B be 
any two points on the axis and the origin, then 
| - AB=OB-OA, 

AB=OB — OA, | 


or, simply, 


- for all the positions of the origin O, the order of the. letters | 


indicating the direction or sense of each segment. 


There are. six possible cases, as illustrated in Fig. 2 
In Fig. 2 (i) - 


OB=0A+AB. 
. .. AB=OB-OA, | 


sites on iw SRN ations acth. sae cid 
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PROJECTION OF A BROKEN LINE _ «5b 4 
In Fig. 2 (ii) | OA=OB+BA | 7 | 5. Projection of a Broken Line. Let PRQ be any | 
7. | OB AB. ek broken line joining the points P and Q and let L,M.N be the 
aes OB aa ae | | projections of P,Q,R respectively on the line X’X, The sum 
i : 0 Bax iS er ee’ 3 of the projections on X’X of the segments PR, RQ is called 
Ue 2 ee, a 2 ar ete 2 


v v8 ae: AN vi 7 a: 
| (Fig, 2) 
The other cases are proved in exactly a 
and are left as an exercise for the student. 
Corollary. If x, and %_ be the co-ordinates of the points 7 
 AandB respectively, then in al] Cases | 4 


Similar manner 


: sii ite Nite eich cee cS Ee eae Su, o 
nie a etal 


4- Application to Projection. 
ted line segment and X'X, any oth 
the projections of P and Q 
respectively on XX, that is, 
the feet of the perpendiculars 
from Pand.Q on the lineX’X 
The step MN is called the = 
projection of the directed 
line PQ on the line X’X, 

It is to be observed that 


Let PQ be any direc- 


2 | (Fig. 6) 


| © | jection on X'X of the broken line PRQ 
| : =LN+LM=LM 


| ! the projection of elie broken line PRQ. Therefore, the pro- 


in all the cases, 


the step NM is the projection (Fig. 8) sat Lit ie the projection of the pacts it tiie ae 
of the segment PQ, whence it follows that am | 


j X’X. Thus the projection of the line PQ on X’X is equal 
}} to the projection of the broken line PRQ, Similarly it can 
f be shown that the projection of PR on X’X is equal to the 

A projection of any broken line joining Pand R. And this 
| process can be repeated any number of times. 


projection of PQ= - projection of QP, | 
If 1 should represent the segment PQ and @ the 


tion of PQ to X’'X, then it is clear that — | 
-. projeetion of PQ on X’X=MN=I cos 9. 


incling- 


-_ 
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Hence we arrive at the following result 


The projection of a directed line-segment’ PQ on any line 


X'X is equal to the sum of the projections of the segments of 


any broken line joining the two points P and Q 


—< This result is important and finds some useful applica- 


tions in subsequent work, 


An immediate corollary of the | above result is the 
following : | : | | | 


The sum of the projections of PR, RQ and QP is ‘Tens: | 
in other words, the sum of the projections of the sides of a 
triangle taken in order, on any straight line in the same 


plane, is zero. 


lines. Let PM, PN 


_line-segments or steps a walt 
OM, ON or NP, MP determine completely the position of the 


CHAPTER IT 
| Co-ordinates of a Point. Loci | 
6. Cartesian Co-ordinates. Let X’OX, Y’OY be 


-anytwoperpendicular Y 


straight lines meeting 
at O, and P any point 
in the plane of these 


be the perpendiculars : 

from P on X'X, Y'Y 

respectively. _ 
The two directed _ oy? 

| . (Fig. 7) 


point P. The distance of P from the Y-axis i, e. NP or OM 


is called the abscissa or the x co-ordinate of P, while the 


distance of P form the x-axis i.e. MP or ON is called the 
ordinate or the y-co-ordinate of P. The abscissa and the or- 
dinate ofa point are together referred to as its co-ordinates. 


The point O is called the origin, the line X'OX thea- ° 
axis and the Y’OY the y-axis. The x- and y- axes are 
together referred to as the co-ordinate axes or the axes 


of reference. _ | | 
Thus, if OM=4, ON =2, then, with respect to (contract- 


ed into w. 7. £) the axes X’OX and Y'OY, the abscissa of 
P is 4, the ordinate of P is 2. Or, we might say that the _ 


co-ordinates of P are 4, 2. We write this symbolically as 
P==(4,2). —— = | 

(Note that the co-ordinate that is written first always de- 
notes the abscissa.) | 


) 
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(x,y).  : 


Tt will be observed that the abscissa is the Projection of 


OP on the x-axis and the ordinate the projection of OP on 
the y-axis. _ | 7 — - 


nate | a8 the Cartesian 

co-ordinates, an Prat y 

_ The Co-ordinates of a variable point are denoted by (x, y) 

while those of a fixed point by (x; y,), (2, ys) or (h, k). 
Note 1, From the definition of ¢ 

that the y-c0-ordinate of any poi 

while the %-co-ordinate of any poin 


- 2, we take 


as the negative direction, Similarly, OY is ¢ 
‘Positive direction © of the y-axis and OY’ ag t 
direction, a ee 


he hegative 


In general if OM=z, ON=y, then P is called the point 


PLOTTING OF POINTS 9 


XOY is called the first quadrant. = = ae 
quadrant, X’OY’ the third quadrant and — . 


fourth quadrant. a 
ae ; ee with the convention of signs stated above 
it is clear that | | 7 - 
" ne a point in the first quadrant has its abscissa and 
ordinate both positive, © 7 a, 
(2) a point ‘in the second quadrant has a abscissa 
| negative and ordinate positive, | ; 
(3) a point in the third quadrant has its absicasa an 
ordinate both negative and aa - 
| (4) a point in the fourth quadrant has its abscissa posi- 
tive and ordinate negative, — _ 
These results can be expressed diagramatically thus: 
. 3 
(met) 0 Po Gt) 
2nd "auadbon “Ist quadrant 


x Of TX 


3rd quadrant | 4th quadrant 
May 1 4s) 
- 


8. Plotting of Points. Given the Paehgeing i : 
emay mark in a diagram the position o the po 7 
a te nce to two perpendicular lines taken as the | 
| cine notre of marking the position of the point is 

axes. T | | 


called plotting, 
2 
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For instance, if the co-ordinates.of a point be (8, 5), we 
proceed along OX (Fig. 8) a distance equal to 8 units until 
we arrive at M, ; at M, soy M,P, 1 to OX and equal to 5 


Y 
Toe 
TTETT TET ry rit i 
ON 
TE OCC 
FCCC 
SSR Re 
COCCI 
x COE iat x 
ATT TIS e Le. 
| OCC Eee Te 
PY TT ETT etry eee 
“TTT TTT er tye 
Fy TT ELT yy de 
Ty { { isl tT TT [fee | 
Rk 2 PRE R ERR 
YY. 
(Fig. 8) 


units. P,is the position of the point (8, 5). Similarly, : 


the points P,==( - 6, 5), Ps=( -4,— 5), P= 


(3,-6) are 
plotted i in the diagram. | 


- Exercise Il 


State the quadrant in which the point lies given that 
its #-co-ordinate is positive, y co-ordinate negative 
. its abscissa is negative, ordinate negative. 
its abscissa is negative, ordinate postive, 
. its 2-co-ordinate is positive. | | # 


its obscissa is negative. | 
. its v-and y-co-ordinates are both positive. 


l 

2 

3 

4 

5. its y-co-ordinate is positive. 

6. 

7 

8. its abscissa and: ordinate have like signs. 


Pipe cies s a RIVES NOE NOS aK SLOMAN AIOE 63 Ease 


moving point. 
| intersecting lines, the locus of a point is the pair of bisec- 


- -DEFINITON OF LOGE _y 


9. its abscissa and ordinate have unlike signs 


10. Plot the following points on squared paper : 


(3, 82): (0, —2 —1); 0 0); (=2, ~2); (4, 0); (2h, 0); 
11. i hh sramdvants do all points lie whose abscissa 
and ordinate are (i) equal both in sign andin magnitude? 

(ii) equal in magnitude but opposite in sign? 
12. If M be the foot of the ordinate of the point P (h,k) 


| and PM be produced to its own length to @ show that 


Q=(h, - h). 


13. Show that the line joining’ the points (x, y) and 


(- a, - y) passes through the origin and i is bisected at that 
point. 7 


14. Show that (22/2,4/2) i is the mid- age of the line join. 


ing the origin and the point (x,y). 


9. Loci. Definition, The sith traced out by a point 
which moves so that it always satisfies some geometrical law 
or condition is called the locus of a point. 

Thus, if the condition be that the moving point is at a 
constant distance from a fixed point; then the path traced 
out isa circle, which is, therefore, called the locus of the 
Again, if a point is equidistant from two 


tors of the angles between the. two lines.. 
There is another method of defining a locus, 
When it is stated that a point satisfies one or more given 


- conditions, it is sometimes found that there is not merely 
one but an infinite number of points, all satisfying. simul- 


taneously the given condition. .The aggregate of such points 

is called the locus of points satisfying the conditions. 
Thus, if the condition be that the distance from a fixed 

point is constant, .there are an infinite number of points 
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lying on the circumference of a, circle, all of which satisfy 
the given condition. All thése points on the circle constitute 
the locus. More briefly, we say that the circle is the locus. 

It is to be noted that all points satisfying the given con- 
dition lie on the locus and all points on the locus satisfy 


the given condition, a result which is | sometimes expressed 


thus: 


The given soniditions 08. satisfied by all the points on the locus 
and by no point outside it. , 


10. Equation to a Locus. The geometrical condi- 


tion satisfied by the points on a locus may also be expressed 
in the form of a relation satisfied by the co-ordinates of 


every one of the points. If we consider, for example, the 
locus of*points at a distance of 3 units from the z-axis and - 


above it, we find the locus to be a straight liné parallel to 
the z-axis. All the points on this line satisfy the relation 
that the y-co-ordinate is 3, or simply, y=3. This relation 


or equation i is called the equation to alocus. We therefore | 
‘say that the equation of a straight line {| to the a-axis and — a 


at a distance of 3 units above it is y=3. | 
In the same manner since the abscissa of all points on 


the y-axis is 0, we say that the equation to the y-axis is 
a=0. Similarly the equation to the x axis is y=0. 


Example 1. What is the locus. of points whose co-ordi- 
nates satisfy the equation x= =y? 2 | 


Since x and. y are equal, the points are equidistant from | 
the two co-ordinate axes; and since x and y are of the same ~ 
sign, the points should lie i in the one and the third aie | 


rants only. 


The locuis is, " therefore, the each line bisecting dhe 


angle 2 aoe and its vertically opnesie nes 


& 


TEST FOR A POINT LYING ON A LOCUS 13. 


Keample 2 2. What is the equation to the locus of points 
distant ~ 5 from the y-axis? _ 
The distance from the y-axis is. the abscissa of the point 


which by data, must always be —5. 
Hence the equation is f= — 5, or t+5= 0, 


11. Testfora Point lying on a Locus. Let us con- 
sider a simple case of a locus, namely, c=y........ wal hy 
It is often necessary to determine whether a. point P 


(h, &) lies on the locus or not. For that we have only to 
examine whether the abscissa and ordinate of P are con- 


nected by the same relation as is expressed by the equation __ 


to the locus, namely, x=y; in other words, we should test 
whether the condition h=k is true or not. If it is true, the 
point P lies on the locus given by (1), otherwise, not... 
Hence, to test whether a given point. (h, k) lies or not on 
a locus whose equation is given,. substitute for z, yin the 
given equation the values h,k; if the resulting equation is 
true, the point (h,; k) lies on the locus, otherwise not. We 


express this by saying that a point lies on a locus when its 


co- “ordinates satisfy the equation to the locus. 


12. Intersection of two Loci. — It is clear from the 


i -preceding Article that if a point: (h, k) lies on each of two — 


loci the co-ordinates (4, &) should satisfy separately the 


equations to the two loci. That is, such values of x, y that 


satiefy simultaneously both the equations give the co-ordi- 
nates of the points common to both the loci or the points 


of intersection of the loci. For instance, if the tw6!loci 


be =y and ++4=0, the values of 2, y that satisfy, both.the 


equations are v= —4, y= —4; hence the two loci ae 
at the point (- - 4, - 4), c 


13. Intersection with the Axes. 


use of the above result to find where a given focus cuts the 


We may. ene ; 
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. co-ordinate axes, The co-ordinates of a point common to i 
the locus y=a+1 and the z-axis whose equation isy=0is | | 


‘obtained by solving these two as simultaneous equations. 


We thus get = ~1, y=0, which shows that the point of 
intersection is (—1, 0). Similarly, to find where y=a+1 §- 
cuts the y-axis, solve the equations y=2%+1 anda#=0 | 
obtaining z=0, y=1; the point of intersection is thus (0, 1) { | 


_ A working'rule to find the points in which a locus cuts & 


the z-and y-axes is this ; 


with the x-axis: 


intersection. 
with the y-axis; Put x=0 in the equation to the locus, 


the resulting value for y gives the ordinate of the point of § 


intersection. 


Example. 
the two loci x+y=1, 
co-ordinate axes, | ; 

‘Solving the two equations, we get x=2, y= - 1, 

.. The two given loci meet at the point (2, ~1). 
Roplyine the rule of Art. 13,we find that the locus +y=1 


meets the x-axis in (1, 0) and the y-axis in (0, 1); the locus | 
| 22 ~ 5=y meets the z-axis in (28, 0) and the y-axis in (0,-5), 7 


Exercise ii 


Find the locus of a penne whose co- ordinates cr) satisfy : 


the condition. 


1. w=2 Py Bye-3 4, Sees a0. 

— Saty=0 6.2e=y = 7. Ba-4y=0 8, w+ By = 0 
Interpret the relations : - ae a 

—— &e=a 10. y+ d=0 H.e=2y © 12.a=y+4+1 


| Put j204 jin the equation. to fis ieee ; : ' 
the resulting value for x gives the abscissa of the point of |. 


Find the co- s daaalee of the points at which 1 
20-5 =y meet each other and meet the § 


| CHANGE OF ORIGIN | 1B: 


‘Find the points of intersection of the following pairs of 
loci: | 
13. 2=4, y=2 14. 

15. y=3e41, +y=1%7. 

16. ‘Find the points at which the following loci cut the 
co-ordinate axes : , 

(1) e+y=3. (2) x+y=0. 

(4) y=a* - 1, (5) w=5. | | 

Find the equation to each of the following loci: 

47. Thest. line bisecting the angle XOY and the verti- 
silly opposite angle. — 

18. Thest. line at a constant distance +6 frau the x -axXis 


e+l=y, Oe = y. 


(3) oy? = 4, 


19. Points which lie ona line through the origin inclined 
at an angle @ to OX and 90° — @ to OY. (6 acute) ~ 


20. Points which lie on a line through the origin in- 
clined at @ to OX and 6 - 90° to OY. (6 obtuse) | 


21. A rectangle i is aonseeacied, sO that two of its adjacent 
sides lie along the co- ordinate axes OX, OY. If the 
perimeter of the rectangle be constant and equal to 

| Qs, find the equation to the (i) locus. of the vertex 
opposite O (ii) locus of the point of intersection of 
the diagonals of the ee 


414 Change of Origin. Let A be a point having co- 
ordinates (h,k) referred to the two perpendicular lines X’OX 
Y’OYas axes (Fig. 9, 10). Through A draw H’AH, K’AK 
‘|| to the co-ordinate axes. Let BM be the ordinate of any 
other point B (z, y). Let H’AH meet BM. produced if 
necessary, at N and let K’'AK meet the a-axis at L. 
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” Then, due regard beng pei to the signs of the segments : | 
Y | | 


OL= h, LA=k, 
OM =x, MB = y, 
AN=LM ~. 
=OM-OL > 
7 =f = h, 
NB=MB-—MN 
=MB-LA — 
=y—k 


The | segment, AN, 
which is the distan- 
ce of B from A mea- 
sured parallel to the 
a-axis, is called the 
x-distance of B from 
A, and its magnitude 
as shown above is. 
x—h, Similarly, the 
segment NB, which= 
is. the distance of B, 
from A, meeenred. 
| parallel to the y-axis, 
1s the y-distance \of B 
from A and is s equal y! 
toy -k. 7 2 (Fig. 10) 


Considering A as the origin and H’AH, K’AK asthe ff 
axes of reference, . let us denote the co- ordinates of B by 


(X,Y); then - 


— & =AN=2 — h, 

 Y=NBey- k, 
that is to say, if the origin be shifted from O to the point A 
(h,k) without changing the directions of the axes, the co- 
- ordinates of the point B (x,y) change to (#-h, - y-k); 
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in other words, the co-ordinates of any point (2, y) wit, 


reference to parallel axes through (, k) are (x -h, y - k). 
Conversely, we may obtain x, y given X, Y by using the 
w= X +h, y= Y+k, | 


Example 1. To what point should the origin be shifted 
in order that the point (8, 2) may have its abscissa halwed 
and ordinate trebled ? 7 


Let (h, k) be the point to which the origin is to ie shifted. 


relations 


_ The new co- -ordinates of the point (8, 8 are given by 


‘ X=8 — h, Y=2--k, : 
But X=4.8 and Y =3.2, . 
Le §~h=4 and 2-k=6- 

a “h=4, k= -4, 


Hence the origin is to be shifted to the point 4, —4 ) 

Example 2. By a suitable shifting of the origin, ee the 

co-ordinates of the mid- ae of the line jotning: the ontgin 
to (X31, Y;). A toe a Sa eee pi te 

Let A a y,) be the given point, O the origin, and P 
(x,y) the mid-point of OA. Shift the origin to P; the new — 
co-ordinates of O and A become (- 2, - y) and (4-2, wy) 
respectively. | : 

Since the new origin is the mid- -point of the line j joining 
O, A we. © have (by Ew. IT Q. 13) 

t= -(%-2), -y=—(y,-y). 


' | whence C=, /2, y=y,/2. 


". The co- ordinates of the mid-point are (47, ia, 
Exercise IV as 
1. Express the co- ordinates of the Point (7, 5) w. 9. t, 


| parallel axes through (2, 3). 


3 


is shifted to a point C, the co-ordinates of A, B become. 


4 


(iv) G, 


XOY, 


of CD 
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2. “What are the co- -ordingtes of the point: (3, - 3) wr. t. 
parallel axes through "4 (1, 1) (ii) (—2, 5) (iii) (2, 0) 
- 3) . (v) (3, - 3) ? 

3. Find the point whose | co- ordinates when referred to | 
axes through (- 1, 4) may change to (2, 2) 

4. When the co-ordinates of (4,7) are expressed w, 1. t. 
parallel axes through a point on the bisector of the angle 
it is found that the abscissa is half the ordinate; 
find the point. 


5. To what point should fn origin be shifted in order 
that the point (—5, 4) may have its abscissa halved and | 


ordinate doubled ? 


6. To what point should the origin be shifted in order — 
that the abscissa and ordinate of (- 2,6) may poComne inter- 


changed ? 
7: A(3, 8), B(5, 2) are two given points; when the origin 


equal. in magnitude but opposite in sign. 
co-ordinates of C w. r. t. the original axes ? 

15. Inclination of a Line to X-axes. 
clination of a straight line to the x-axis is the angle through 


What are the 


which the x-axis should rotate in the positive or anti-clock- 


wise. direction, so as to coincide with the given line. Thus 
in Fig. 11, the incli- | 
Nation of AB to the | 
“-axis is the angle | 
XAB or 6, while that 
is the angle 
XCD or ¢. 


At is to be noted ; 
that @ is acute and — 
¢ obtuse, | 


Rig. 11) 


The in- 


Sa 7 fe TR 


but | i _MN= 
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16. Jf A, B are the points (a, y,), (2a, ) nae 
line AB be of length r and inclined to the x x-axis at an angle 


- Q, then, 


the «-distance of B Pie A= = = 2, =f COS Q, 
the y-distance of B from A= Yo— Y=" sin @. 


Let AC (Fig. 12, 13) be drawn || to OX cutting NB the 


ordinate of B, produced if necessary, in C, 
The z-distance of B from A=MN=2, - 2; 
AC=r cos @. 


(Fig. 13) 


(Fig. 12) 


Similan, the y-distance of B from A=Yo- 4; 
=M’N’=CB | 
==rsin @, in both the figures, 


Note 1: These results are very an poren and oe . 


be remembered. 


Note 2. It is to be cena that MN=(a,—2,) and 
M'N'= =(y_—- y,) are the projections of AB on the z-axis and 
the y-axis respectively. 

17- Generality of the Results. The stident should 
have, by now, noticed one characterstic feature of the. 


: results obtained inthe preceding Articles, namely, that of 
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due regard be paid to the sense of the lines or segments then | 


no matter what the position of the origin is with respect to 
the points considered the same result 1s obtained in all cases. ° 
- ‘This fact is of great importance, for, it enables us to get 
@ general result, true in all cases, by making use of the 
simplest and most convenient type of a diagram, There will 


thus, be no loss of generality, if we take in our diagram 


the point or points considered in the first quadrant, as we 
_ very often do in order to simplify the geometry of the figure, 
the result deduced being of universal validity. 


This is otherwise easily seen to be true; for any finite 
set of points can be made to lie in the first quadrant by a 
suitable shifting of the origin. | oe 


Sn RDN sia Ta GRO oS ales pei iatAcati a at, 


CHAPTER III 
a . Distance Formula _ 

18: Distance of a Point from the Origin. Let P 
be any point whose co-ordinates are (x, y). P may lie in 
any quadrant ; two of the different cases are shown in Figs. - 
14 and 15. Let PM be the | from P to the a-axis ; then | 


(Pig. 15) 


(ig. 14) 
OM=2, MP=y; let OP=g. Applying Pythagoras’ Theorem 


to the right angled triangle OMP, we have 
a OP?=OM?+MP2, | 
Here we note that, whatever may be the sign of OM 
or MP, the quantities OM?, MP? are always positive. 
Hence, on substitution, whatever the sign of x or y, 
we get _ | 2 = 924 y2, | oe _ 
Therefore, in whichever quadrant the point (x, y) may lie 
wehave Batty | | 
or d=4/(x*+y"), 


_<~ Note l. OP is always considered positive. 


Note 2. The four points (21; Yr). (—%, 1); (=2,,-%), 
(%,, - Y,) are equidistant from the origin. = 

19. Distance of a point from the origin. Alter- 

native Method. Let OP=rand 4.XOP=9. (Figs. 14, 
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15,16). The student who is fonniliar with Trigonometry 
will see that, wherever? Po | a 
may lie, 


so that vr cos 9, 
y=r sin 9. 
Squaring and adding, 


(Fig. 16) 


Bt yu? Cos? O+7? sin? Q@=r?2, 
which gives the distance r ag a/ (a? +-y?), 
Example 1, 
B(3, 4) are the vertices of an tsosceles trig 
ngle, also ind the 
lengths of the. equal sides, : : ‘a . 
Applying the distance aaa: _we find that 
At=(— 12)84 (442. 7?/59 + 242/52 = 25, 
OB*=374 42-95, — 
. OA = = OB=5. : 


Hence 0, A, B are the vertices of an isosceles tangle 
: its equal sides being each equal to 5. 


Example 2. Show that the points (3, oa) (26, 1), (- 4, - -3) 
are equidistant from the origin 


Denoting the three points by ee B, C and the origin by 
O, we > have a =3?+ 42 — | 
Bes(2y6)*4. ne 
OC? =( - 4)? +(-3)?=95. 
. OA=OB=06=: 5. 
, Hence A, B O are equidistant from the origin, 


Show that the points O(0, 0), hie 12 2, 44) 
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Exercise V 


Find the distance of each of the following points: from 
the origin : 

1. (3, 4) | 2. (4, - 3) 3. (7,1) 4. (-12, -35) 

5. (20,21) 6. (-3, 2h). = 1'5,-2) 8. (2°8, - 4:5) 

9. (33,25) 10. (-63, 112) 11. (4/12, 2) 12. (3, - 4/5) | 

Show that the following a = points are eaulcntant 


# from the origin : 


13. (24, - 7), (—15, 20), (7, 24). 
14. (—16, 63), (25, 60), (56, 33). 
15. Find the abscissa of a point whose ordinate i is 15 and 


_ distance from the origin 17. 


16. Find the ordinate of a point whose abseissa i is -9 


7 and distance from the origin 41. 


17. Find a point whose Sbaciean is three-fourths of its 


ordinate and whose distance from the origin is 35. 


(Fig. 17) (Fig. 18) 
20. Distance between two Points. Let P Q be any 


a two given points (Figs. 17, 18) having co-ordinates (2,, Y1)5 


(ato, Y2) respectively. Draw PM, QN the ordinates of P,Q 


and draw PR || to the %-axis to meet QN, produced if | 
necessary in R. 
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That is, the two sides 


V—- %, and Yo~Y,. Das otin 
4 the h ot 
nae iyi ing Pythagoras’ Theorem, a aa PQ a d and 


eee ee 


or | : 
d= Ve aE 
, 1)" + (Yq ~ x,)2. 
Note 1. ‘The result deduce ae 
ones in the form 


(Actual distance)? — = («-distance)? | + (y- 


2 
since the ‘«-distance ig (at, distance)2,_ 


oe ) and the y-distance (Y. - -4,). 


Zz : : ‘may also P | 
as @- H_)* +4 ( t ~Y2) *; in other words, (a : rina 
: . 


Me ote 3. 
above, we Pating ”3= 0 Y2=0 in the formula deduced 
we 24 : § € distance between (0, 0) and (zx. 
VM TY"). Thus, the result of Art,-1g i Y,) as. 
Particular case of the result of this Article Is seen to be a 


Meat 1. Distance between two 

pe = Taking a8 before, the two points as (21, 44), (2 

~ € origin to (%1y,), keeping the directions f aedal 

the Same, Let the co- “ordinates of th ae 

these new axes be. (X, Y); then, ag in Art, ] 
Th di x= = 2p - X,; ; Y =Yo> ; 

e istance, d of thig point from . the new orioin ; 
given by the Telation 2 = X74 ye ia a! 


ms ~%)?+ (yp ~ y, 2, | 


Boints. Alternative — 


he axeg 


of ~ right angled es PRO, are 


] | pendicular hiseeion of the line joining (38, 4) and (— 


d above oy be remembered - ; 
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22. The distance between two ponte may also be 


derived by another method. 
Denoting the distance PQ by 7, we note that the projec~ 


' tion > r on the x-axis is (7, - 2,), and that on the y-axis is. 


(Y2— But, if @ be the inclination of PQ to OX, the 


ies are by Art. 4, r cos @ and rsin 6. 
“1 C08 O=%- 2%. sin P=y,-y%. 


‘ Squaring and adding, 7 = (X5 ~ %,)? + (Yg- Y;)°. 


Show that the points (5, - 7) lies és the per- 


E le 1 
camp a 


The distance between (5 (5, —7) and (3, 4) is a 
(Vi(5 = 8)P+(- 7-4) = (224114) = 125; 
the distance between (5, - 7) and (- 5, - 2) is 
J/{(5+5)?+(-—7+2)%= 4/ (102452) = = 4/125, 

The point (5, -7) is equidistant from the points (3, 4), 
rs 5, -2) and hence lies on the perpendicular bisector of 
the line joining these two points. | | 

Example 2. Show that the points (8, 1), (4, _3) ‘Ce 2, 3) 
(2, 7} are the vertices of a ne ne ee the ae of its 


diagonals. 
It is desirable to have a capuon sketch of tig figure, as shown in | 


the adjoining diagram, 
Denoting the given points in 
order by A, B, C, D Pie 
AB? = 4?+4 4? = 
niche beta | 
CD?=4?2+ 42—32, 
DA?=6?++6?=72, 
AC?=10?+ 2? 104, 
.. AB=CD, BO=DA; 
hence ABCD isa parallelogram. | 
Also AB?+ BO? =32+72 =104= AC? 
4 BO 


Z. 


BENET 
| HEE 
Ecce FEE rT 
COO | 

(Fig. 19) 
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hence Z ABC is a right angle. 
+ ABCD is a rectangle. 
- Each diagonal of the recta 

Example 3. Find the co-ordinates 
from the three points (3, 1), (-1, 4), (1, —2) a 
Let (#, y) be the co-ordinates of the point. The distances 

of (a, y) from each of the given points are equal, and hence — 
the squares of the distances are equal. 
That is (e-3)2+(y-2)*=Ot PY - 4) 
| =(«-1)*+ (y+2)*, | 
dy +4—a?+Qn+1t+y?—Sy +10, 
x+l+y?+4yt4- 
42+ 8y —38=0 5 | 


8 


of a point equidistant 


or w- 6a+94+y?- 

and a*-6%+9+y?- 4y +42 - 2 
Transposing, 8% ~4y+4=0; 

solving for a and y we get ¢=0, y=. ie ts 

“ Therefore the co-ordinates of the point equidistant from the 

three given points are (0, 1). 

. nt from 


the three pointe is the ciccum- “e 
them. 7 


Note:- The point equidista 
centre of the triangle formed by 
| Exercise Vi ee | 

1, Find the distance between each of the following pairs — 


of points : 3 | Oo 
4, 1,8), (13, 8). gg, (2, - 1), 8, 23) 
3. (-2,3) 7,1). (4, - 5$), (74, —14) 
5. (0°7, -0°5), (-P | | 
6. (2/2 —1) (- VJ/2; 
9. Show that the points ( 
-wertices of an isosceles triang 


3,16). 

0, 0), (- 7, 24), (15, 20) are the’ _ 
3), (6,5), (-1, -3) arethe 
d calculate the perimeter. — 4 


3. Show that the points (7, 
riangle an 


vertices of an isosceles t 


a of the triangle. 


ngle is /104 or 2/26. 7 i. 7 
ay 


le and find the length ofitsbase —— ij 
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4. Show th , i | 
at the point ( - 6,7) lies on the perpendicular 


bi a e: 
re . the line joining (2, 3) and (-2,+1), 
. Fin l | inks 3 
aaa | m of the triangle whose vertices ar 
/3, 0), ,- 2), (0, 1/3) and. hence find the me 


of the triangle. 
6. If A = ( lL | | 
ae, ens ~~ £5 5) B = ] 
distance AB. | aires ( 2 1), C= (6, 9) find: , 
1; B, BC, AC and hence show that, . ), tae the 
_ collinear, at A, °@ are 


> ‘ e | ° = 
and (4, 5). ‘ point (1, 1) bisects the join of (~2, ~3) 
| , Sista ye : : 
lateral triangle. )(- 1,1), (/8, 3) form an equi- 
9. Show that (1, 4 Pe | ae 
ie] a . , ae 4 b] 3 1 ° 
a ee angled triangle. Find the ro nf ek ae of 
angle is formed. | ertex at which the right 
- 10. Show that =a : i 
ee t (-7, 3), (4, 5 , 
th - | ane compute the area of the tri ae dacenaee 
le three points, riangle formed by 
11. Prove that ( 2 : a er: 
| 4, 1), (1, 6), (-4 Stee 
re ’ 3 , (-4, 3 _1- 9 _ 
vertices of a square. Find the ates ok A ; i 2) are the 
co Square. 


12. Show that the va; 
the points (3 2) (-2.92 | 
eos 2 4),(-2, —2) and 


: (3, —1) for | 
) form a rectangle and find the length of itg diagonal 
pm ONals, 


13. Show that ( | 
ae i (-2, 0), (2, 1), (4 

: 4 } a? 9 5 2 ; 

parallelogram ; also find the rati Fle ta ade 
diagonals, | a the lengths of its 
_ 14. Show that (-1,3 | 7 
ne ~ 1,3), (-4, -5! : 
the vertices of a par ;. » —5),.(5, -7) and -(8, 1) 

ees parallel in - : (8, 1) are 
diaponii: ravelogram and find the lengths of the _ 


: 3 ? ? 3 at ), ( . 3 ) 


three times the ¢ , 
other. Also cale 
os alculate the area of 7 
| | area of the rhombus; 
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: ; ' ts (- 2; -1), ae 1, ? 
16. Show that the points “Hs oe 
are the vertices of a square and find the ne : ‘ 
mere x ” ints . (7, —1), (1, - ana ue 
17. Show that the poin =) 7 ere 
| are the vertices of a rhombus, Find the fou | 


the ratio of the diagonals. 


18. If (2, 7) and (-6, 3) be one pair of — 4 

of a square, find thé other pair of oppasite ver pone 
19. Prove that (-2, 2), (—1, 1), (2,4) are tae | 

- of a rectangle and find the fourth. vertex. saci 

90. Show that (-7, 24), (-15, —20), (24, 7), (20, 


e origi at is the — 
li lie on a circle whose centre is the origin. What is the 
7.) 7 


radius of this circle ? 


etea tae (ay ens 
21. Prove that the points (—2, -2), (-1, 1), ( . 


3 9 ip at (3; —2). Also 
(8, - 2) all lie ona circle whose centre is at 3, 2) 
aa J . : z : Ale: 2 
find the radius of this circ 7s 7 cas 
22 | Find the co-ordinates of a point equidistant from 
, ints (3,2), (0,5),(-5 2 
three points (3, 2), ( , 5), | - “i 
er Find the circum-centre and ciecum-radius of the tr 
a ie whose vertices are : | | as 
a) (8, 4), (8, -1), (7,7) (2) G, DD, ee . ue ai 
(8) 24), (-2,0), &-2) @ 2-3) 8-2 — 
24. Show that the four points (4, 0), (6, 1)- : By 
are aiihoyelic. Also find the centre of the . + 7 
9% Prove that the four points (—4, a, ieee 
(4 re kaa circle. Find the centre and radius of the circle 
9 3. Application to Locus Problems. We ai rend 
ge a 10 that the geometrical condition sa : ned 
a an any locus can be expressed as an equa 
e or scan 
nnecting the co-ordinates 0 anon 
ea i referred to as the equation to the locus 


(where g, f, Care c 


. quantity, (g?+f2—c). 
these points and that this 


- point (-9, =f). 
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formula ‘for the distance between two 
it is possible to determine the equations to several 
hich are of common occurrence. Thus, if it be given 
that a point is at a distance of 8 units from the origin, we 
know from Geometry that the locus is a circle whose centre _ 
is at the origin and radius 8 units. But, if the point have 
co-ordinates (2%, yj, its distance from the origin is a/ (a2 + y”) 
which by data is equal to 8 units; that is to say, the geo- 
metrical condition when expressed analytically becomes 
VJ (e?+y2)=8 or e+e 64, 

This equation connecting the co-ordinates of any point on — 
the locus is, as has already been explained, spoken of as the 
~ equation to the locus. The equation therefore, to the circle’ 
_ whose centre is at the origin and radius 8 units is 

>. et yt= 64,0 a 
24. General Equation to a Circle. I¢ (x, y) be the co- 
ordinates of any point on a circle whose centre is at (h, k) 
and radius 7, the equation satisfied by (x, y) is” 
a — (@—-hP tyes, fy 
Or e844? — Phy ~ 2khy + (h? +h? - 72) =0, seer $445 2( 1) 


cle 


| Making use of the 
_ points. 
loci w 


the xy-term is absent. 
If we are given the equation 4 eG — | 
ed ef a+ y2+29n-+I%fytom0... Nee dials (2) 
constants), it may be written in the form ~ 
(+9)? +(y+fP=G+f2-), | 
which expresses the fact that the square of the distance of 
(x, y) from the fixed point (-g,- f) is equal to a constant — 
The locus is, therefore, a: circle.’ 
24f2—~¢) and whose centre is ‘at the — 


— 


whose radius is /(g 


é 
‘ aw rd A 
pet CRUE 
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30 ep 
be given in the form - 
tion may also be given In the form woe elo)y 
The equa Ax? + Ay?+2G24+2Fy+C = Q, anerer (: 
which, on division by A, reduces to Ae | 
gy? +9(G/A)e+2(F/A)y + C/A= ee 
vhi hi Of he ee ae nn se centre is at 
wae zi n that (3) represents a circle w is ACA 
Say ae GIA — JA) and radius v(G ie = 4: : 
~GIA, - bee | : 
sa le J Find the equation to the circle whose centr 
Example 1. © 
us 4, | | 
a Lelie eee | 
; ny point on the circle. 9.1). 
ae ener canes of the point ae centre ( 
eh cally is (b-2)?-+(b—-D) 
oased analytically is (h-2)°- \ = 
near e ae distance is 4, the (distance)? = - 
Since by on(h= 2)2+ (k— 1)?= 16. * pase agen 
: uation satisfied by the ‘co-ordinates - ee 
The ee - (abscissa ~ 2)? + (ordinate ee 2-16. 
the circle 1 | (a — 2)?-+(y - l)'= 3 iret 
be ce - Site gaes the circle, centre (2, 1) 
-ds the equation to the circie, 
Tn tae words the a ae (a _2)24 ty a 1)?=16. 
is | 7 aaa 
ao le 2. Find the centre and radius of the eHcte 
é : ay ee 
| it by 2, 
ae ‘ ation throughout 
Divide the given se y?-+Tx/2- 2y+4=0. 
_— mere T/A} + Qe 1)2=1/16 = (1/4)*, mee 
h is seen to be the equation of a circle, centre 
which iss the 


. Bxamp 


1) and radius 1/4, Hence, the centre of the given 
(= 7/4, ) an ia al: 


circle is (—7/4, 1) and radius 1/4. — 


tion te Whe ctvoumserele of 
Bind t tion to the -cwreum-cire 
Find the equa 
Example 3. : 


ACE PCH ly. = 2). 
‘the triangle whose vertices are (3, 6), (- 1, 4) ( 
eho k) be the circum-centre ; 


the three given points oe (h, k) . 


equate the distance of i 


__ given points = 5, 


APPLICATION TO LOCUS PROBLEMS 3] 


(h-3)2-+(k- 6) = (b+ 1)8+ (b= 4)*= (44124 (b-4.9)2, 
i.e. ~Oh+9+ 1 — 12k 4-36 = 1242441418 — 8h4-16 | 


eo, ; =W+2h+ 1+ B+ 4b 44, - 
Transposing, 8 +4k-28—=0, 
| 8h+16k—-40=0: 


solving for h and k, we get h=3, k=1, 7 
- The circum radius = distance of (3,1) from any of the 
. Equation to the circle, centre 

(%=-3)?+(y— 1)? = 25, 


(3, 1) and radius 5 is 
which is the equation required, | 


25. Further Applications of Distance Formula to | 


7 Locus Problems. It has alreay been explained in Art. 23 
that it is possible by making use of the distance formula, 
_ to determine the equations to several loci. We have al- 
ready dealt with the case in which the distances considered 
happen to be equal. We work below a few problems wherein 
the distances are related in other ways, - 


_ Example 1. A, Bare the points (1,0), (4, 0); Pisa 
' variable point such. that PB = 2PA; find the egation to the 
locus of P. : a | “ 


Taking the co-ordinates of P as (x, 9), we have | 
: — PAP=(e—1)2+-y2, 


PB? = (a = 4)?-4-y2, 


Bub PB? = 4PA2. 


(e= 4)?-+ p=A4f (a a 1)? +422. 


Le. #87416 +y2= 492 — 82 +-4-+4y? ; 


transposing and simplifying — 2024 y2——4- 


Hence the equation to the locus of P is 2? +424, 
which is easily seen to be a circle, a ° 
It may be noted that thi 


8 circle is referred to in Geometry ag 
the “Appollonius’ Circle,” : LP 


-AROMETRY 
EMENTARY ANALYTICAL GEO 
¢ EL . | 


. Re laeusof a point P 

| 9. Find the equation the — 3) is equal — 

Page 0 that its distance from the p a | 
which moves | 


to its distance from the axws of ¥. 


* . | 


= the y-axis 
ie (a —2)°+ (y - 3)” and that ee e me the 
from (2, 3) . fa distances are equal, an 

skh 4 vei distances are giles ‘ 

eel — @ 2h + eee P is obtained as 
Ber he equation to the locus of P 1 
Simplifying, the ou" y2— 40 - 6y+13=0. 


Exercise Vit 


1 e 7 ; ; . 


the bisector 
‘ining (5, - 2) and (-1, 5). = 
the line a arle i sa. | as ‘ ‘circles : 
pass ra er eh equations to the following ht 

De AN ee et 


ius 7 
) ; 4 0), radius 2. 
ay radius 2 (2) centre (4; ) 
te 0, 0), radius | | a 
(1) centre (0, 


—3, 14) radius | 
3 centre ( Vv) 7 | | | 
| a centre (-1, 1), aes . ugh (3, 4) 
| © entre (1, 2) ane are nd radius 1. 
) Cc ? 7 nee ‘ . | | 
: : ° h 3, 1),.( 3 . wa- 
es perigee radius of the circle we se 
3, Find the ¢ 


- 12=0 
en yt-ae—dy-4a0 atte te res mater 
(1) @+y- + ogi linod- @) A(a?+y" )+ : er 
Gay ‘that any diameter of a eae | eos 

4. Using the yin ae on the. ee (1, 2), 
a right angle at 2° Je described on the line joining (1s 
oes diameter. eget Q. 4, show that the equa- 
5, Following the mete 


x mm the jo! »Y3)s (%, Ye) ; 
n the circle described on the yon of (X4 1 uv | 
tio . to cai 


‘Sg diameter is (*- %4)(% - 9) ty | yy : 
as | | | 


a @ 


s of a point whose dis. 
tances from (0, 8), (0, 2) are in the 


: 10. Find the equation to the locus of a 


APPLICATION TO LOCUS PROBLEMS 33. | 
6. Find the equation to the circle passing through the _ ae | 
_ points (11, 8), (=1, —15), (- 13, -7) . 


7. Firid the equation to the circle circumscribing the 8 : 
tmangle formed by (0, 0);(1,2), (8,4), 
8. Find the equation to the locus of a point which ig 
- Such that its distance from (1, 0) is one-third of its distance 
from (9, 0). = aa 


9. Find the equation to the locus 


paeare ee seihe Hee AitaN ie ooh ea ya A. 


ratio of 2:1, | 


so that its distance from the 


point which moves 4 
_ distance from (-1, 3). 


point (2, 1) is three times its 
11. The distance of a moving point from(3,0) ig equal to its 
distance from the axis of y. Find the equation to its locus. 
12. The distance of a point from the ori , " 
its distance from the axis of x ; find the equation to its locus, 
13. The sum of the squares of the distances of a point P:, 
from the points (a, 0), (- a, 0) is equal to a constant 
quantity 2c*, Fnd the equation to the locus of P. - 
14. Find the equation to the locus of a 
ence of whose distances from (0, 5) and ( 


gin is four times | 


point, the differ- 

| , | 0, ~ 3) is equal to 4, 

15. A straight line of constant length moves SO as always 

to have its two ends on the two axes of reference ; find the. 

equation to the locus of the mid-point of the line, 
16, A circle cuts the co-ordinate &Xe8 so as to form chords 

of constant lengths 2a and 26 resp Shoy 


3 pectively. Show that the 
equation to the locus of the centre | ae ce 


Pm Paar — 92 


J | SLOPE OF A LINE _ 2 


x=rcos@, y=rsin @, 

where r-is the distance OP : 

. by division tan 0= = y/2. 
Note. 


Thus in the adjoin- 
Paes figure, the inclination os 
of AB to the x-axis is the 
angle XAB or. 0, while 
that of CD is. the angle | 
XCD or ¢. : 


The tangent of the in- 


35° ‘ 

| ag | 4 

oe | ; [oe 27. Slope of the Line joining a 1 Point to the, Origin. ~ 

CHAPTER Vv - - If P(x, y) bea point such that OP is inclined at an angle : 

oe | mae .*} 6 to the x-axis, it is cony OY | 

Scans been explain. - seenthat : 

3.G dient of a Straight Line. It oi i g-axis is slope of OP =tan p=y I i | 

26. ae that the inclination of a line - rotate in the | a This is otherwise obvious 4 
guna hich the z-axis shoul Peanie @ — from the fact that. 
the angle through Ww aa cide with the given tf | 
direction 80 48 tox : — 4 

anti-clock-wise | | 


. (Fig, 21) 
Any line || to the y-axis is inclined at 90° to the 
a-axis; the slope such a line, therefore, so. 


rg ot capes. 
‘ area 


ia Hxample, Find the inclination fo the 2- axis 2 of the line 


' Jouning (2, 5) to the origin. — 
clination of a given line to — q | The slope of the line ig 2 2 or Pe ; Le. tan nye a4, a 
is is called sa Fi 20) | ' _ where Y is the motination of the line to the z-axis, __ 
the %-ax . (Fig. b | | ener 
slope or the gradient oF £ AB (Fig. 20) is tan @ and the = | . @=68° 12’, (from tables) — 
oO i | | 
the line. Thus the slope | | | 
CD is tan ¢. em- 4. mo Exercise VIII. 
aut btuse it is important cae aaa : 
Since @ is acute and ¢ a ative. | i Find the slopes of the following lines : 
| ositive and tan nege his 1. A line inclined at 45° to th 
~ ber that tan @ is p ositive ; on this ; re ine inclined a to the x-axis 
lope of the line ? elv-to the x- “axis. Z, A line inclined at 60° to the x-aixs. 
The s p AB is Lanes positiv y | Beg aa F : as 
account we say that fore we say that = J _ 3. A line inclined at 150° to the z-axis, 
lope of CD is negative — and therefo | | 4, The z-axis, 5. The y-axis. 
be 7 negatively t to the x-axis, letter m. tis 6. A line parallel to the x-axis. 
CD is f a line is usually denoted by. i . inclif 0. The line c=3. 8. The line y+4=0, 
aay slope ‘ yradient, tan 6, tangent OL se. im 9. The bisectors of the angles between the co- ordinate 
_ Therefore a oe : il these are ‘used in the same sen oe axes. - 
xis — @ q 
as " _— ted that since parallel lines are 4 10. Find the inclination to the x-axis of a line whose 
Corollary. It is to be no 5. the tangents of these angles 7 | slope is is (1) 0. (2)1.. (8).=1,. (4) -/3. (5) 4. 
; equally inclined to the ae the slopes of parallel poral. - (6) —2. 7 (7) 24 /3. (8) 3-2. 7 
are equal; in cone lines ba having equal slopes are paraie T. eS . a ese 
sely; j 
equal. Conver | 


7 SLOPE OF THE JOIN OF TWO POINTS 34 
. ‘sin to the Example I. Find the slope of the line joining the points 
7 . of the line joining the org - | 3D | (at,”, 2at,), (at,?, 2at,). — . Z i 
11. Find the slopes pera Ce oe Gs The slo @ is = Pay Paley ~ ty) 2 
following points ; 3 6). (3) (-1, ~3)- eS ioining a wv, oe 4 aby? = at? ~ A(t? — 1,2) ~t, 47," _ 
(1) (2, 2). (2) : ation to the #-axis of A 3) (0,-2) |  Lxample 2. Show that the line joining (1, 2) and (3,5) 
12. Find eu) (3,3). (2) (4,9). oe | is || to that joining (~3, -2)and(~1,1) , 
the origin 0 1e pol. é . 7 | See | ie qj | 3 ee a, ae) : 
(4) (—5, 12), (6) (Vv Lin e joining two Zane ee | es Slope of the first line = 3-17 
—(-28- (ao) Ya) bE any two 8 | 3 (Xa, 92) : _ Slope of the second line = ——_~ 3. 
Co : the ordinates Me de. eee | * i 
PM, tively an ae 7 
d Q respect! | | 
| o PR be drawn || to me. 2 = 


eo -1-(-3)~ 
The Slope of the two lines are 


equal; .. they are para 
Lxample 3, Show that (-1, -1 
g-axis meeting 


lel, 
), (5, 3) (1, 5),(—5, 1) 
are the vertices of a parallelogram, | eet 
. Me should draw | 
[ The . studen 


3 al. 
different figures for the sever 


- Let the four points be A, B, C, D respectively. ne 
4Q) , 7 : oN KD [The student is advised to plot the points to know the order of 
ositions of the points P and &. a | | | 7 [= the vertices] - _ fs oo 
2a : The jnclinationof PQto yy (Fig 22) | —_ Slope of AB=(8-+1)/(541) =4 42, 
saa | cu ae PR=0,838Y- | 3 ae Slope of CD = (5 ~1j/(l+5)s4—e8, .. : 
s | the #-axis 18 £Q an @ = RQ/PR. | ] | oe 
2 - The slope of PQ =tan . | Slope of BC=(5-3)/(1-5)=2/(-4)=-3, 
ss 1 SR—MN-=ON - OM=22 -Xy, oF Slope of DA=(1 +1)/(- S+1)=2/(-4)—=-4. . | 
But a _NQ-NB=NQ-MP=%2- 49> rn © “. AB is || to CD and BC is || toDA, 
| 5 9a Mt op FAS. ; 7 ~. - Hence ABCD is a parallelogram, — | | aie 
hence the sa page j ; I) ie “et joining (#,, ya)> (% 9) Reirkan es ae C, sie povnts (1, 3), (4,7), (— 5, - 5) 
| | The slope . a. ee i snow that A, B, C are collinear. _ “ 
| Corollary 1. a \ile—-t)e | ) 'o * j=9 A : 5 
. 2 Hf te ee a line joining (*, : . hi Ms that 1s —[— AB, AC have equal slopes. | eee 
ae of.the line joming ee lat, = Me).  § ABC is a st. line, i. A, B, C are collinear, 
ee tye allen ee Gn BOK ENs ge ABO atl es | 
a ett ii 22, PQ be éf length r, we have { | 
OPE Tf in Hig. 2 j 


x -e ‘aa ¢ 9 

. p-AEIS = Vg 19 

: s 0 = projection of r . : axis=Yo- Y1> 

Be g=projection of rT on the y = 
r sin O= ae oe 


| | Exercise IX. | i 
j Find the slopes of the line joining the pairs of points : 

) - a 41. (1,0), (5, 5) "2. (—1, 2), (7, 6). 
:, tan 6=(a Yi | 


38 ELEMENTARY ANALYTICAL GEOMETRY 

3.-(a cos 0, 
‘ (a cos 0, 6 gin 6),: 
s, Show that the line joining . (- 


line joining (9; 0), 2, 2). 
6. A,B G. D are the points ( - 2, 0), (4, 3); i, —1), (5, 1); 


ga sin 6), cos: o; q sin 6). 


(a cos >, b sin >). _ 
~2, 1); Q, 4) is | to the 


ta Q, B, § have 0 ordinates (- 1; 3), a, 0), (4, 2)» 
prove that the parallel through P to 


BS as through Q.. 
8, Show that the points (i, 


form a trapezium. 
(-5, 1), @ 1), (B, 5), & ~1,-3) 


9, Show that the points 
eles trapezium, (ie. & » eapeniat: 


are the vertices of an isos¢ 
in: which the non-parallel sides are equa” \). 
2 


10. A,B, G, D are the points 
“Show that AB is \| to CD and that BC is || to AD. Hence 


show ABCD is @ parallelogram. 
Dt. Prove th hat (-3, 2); (5, 4), (- ae 


vertices of a parallelogram. 


12. Show that (2, 0), (= 25 


{Iclogram having one 0 its diagonals 
ints (1, 1.); (4, 5), (> Q, -3) lie on 


| a cos game Sst. line. | 
7 4. Prove that (5, —1), (-3; -1), 
15. Show that the 


| ‘through (~ es : 


(y= (BO OP 


1), (—4, 2), (0, 1) form 3 para- 
parallel 40 the %- -axis. 


(<7, 2) are collinear. 


line joining ee 


(1, 2), 8, 4), 8 ae fiat. raneel : 
quaition 40 the locus of 


41. Show that the é 
, 2), (-3, ayisaty=!- 


with the oo (-1 


Zi); (3, ~ are ip | 


_3) and (~ 5,1) passes | 
sca ae: 


points collinear 


co 
-— © 
a 
a 8 
~ 34 
es - 
oe 
- og. 
- ay 
woek 
a ee 
Sra 
Pee 
re 
S| 
RARE 
on Be 
Sat 
Bs 
“Se 
ia 
is 3 
pasty N 
Agee 
ays 
‘eg. 
a 
i 
ae 


. or 9’ =90°+ 4. 


SLOPES | 
OF PERPENDICULAR LINES — mae: 
: 39 


18. Shoi 3 
| how that, for any values of & and 1 | 


Keat, + k 
(atl, kya tl 
ist us a 


~ is collinear with 
7 the points (x 
1? Y1)> (%, Yo) 


@ 30, Slopes of Perpendicular | 
lopes of Perpendicular Lines. Let AB : 
‘ and CD 


be two 
perpendicular li 
ively with th nes making angl e 
(Fig, 28). e 2#-axis. gles @ and 9’ respect. 


It is easil 
' y seen that 


» 


mis i slopes of the two 
em, m', we hav | 
—— ave 
m’=tan @’. 

ut tan 9’ = +tan(180°— 60’) 


= —tan MCA= —-tan ° 
== ~ (90°- “MAC =— 
Pe. cnt cot = ~1/tan 9==-1/m, ) tant o0"- ~@) 
= 1m or as 


(Fig. 23) 


Thus, if tw 

o straight | 

of their — =. ‘ lines are at jac angles, the a t | 
? uc 


Conversel 
if mm’ = = l, sueovedk by retrac 
the two st. lines are at aa ca stoped that 
gies. 


Exam l | 
ple I. Show that the points (4, 3), (=1, Sg 
aS ~ 2); (1, 4) 


oe are the verti 
ices of a right-angled pane and find 
n the vertex 


containing the right- angle. 


Let the 
points taken 1 in 
ms)! order be A, 
| ed : ao=teraytiti= =I, mr 
ae 0 = (442/043, 


| “Thus, A. 


-  Baeamp 


But the slope 


~ Gros 


whi 
Note. Com 


* AC and BC are ab 


| 3+ 
slope of MO=T9-9 | 
AB, CD have equ 
BC, DA have equa 
-, ABCD is @ parallelogram. : 
The diagonals AC, at right angles 
duct of their slopes is. 
are not at right angl 
Hence the figure 
| le3. Find the equat 
is the line joining the pownts A(x, y,) @ 


s-multiplying ® 
ch is the equation 


gLEMENTARY AN ALYTICAL GE 


es since 


“23 y- Yr. 


""w- Uy 


nd t 


pare this me 


right angle 


al slopes 2 
slopes & 


BD are 
~1, while the adjac 


the product of 
ABCD is @ rhombus. 


= %q) + (y-Y 
required. 


OMETRY 


g since the product of 


at the vertex G (1, 2): 


their slopes is - ; a. re ts 
ie ABC is a triangle right-angled 
Example 2. A,-B; C, D are the pots (-2, 3): (6, 7): 
(2,-1), (6,75) show that the figure ABCD is @ rhombus. 
ee | : Peas. 
. —_ 7 4 Nos ——Z = " 
Slope of AB= oy2 te slope of BO= § = 2 2, | 
| | eee 345 <— 
slope of cD= 346 aa 4. slope of DA oe 
: - co By 
— iad 1, slope of BD-5767 


nd are therefore || _ ; 
and are therefore \|. 


ion to the circle whose 
nd Bla, Ya): 
ircle; then AB 


: are at rt. angles. 


y~ Yel: 
ransposing. i 
ghod with chat suggested in Ex. V 


since the pro- 
ent sides AB, BC 
their slopes — !- 


diameter 


mt on the ct subtends 
The condi- 


e. PA, P | 

the product of the fPA,PBis—1. | 

of PA is Hand chat of PB is = Ye 
| hay oe, ” 9g = Le 


11, Q.5 


igs the line joining the 
joinin the voin 
ung the points (3, —2), (- 5, 4) 


SLOPES O 
: F be EN DIOUUAL LINES: | 
NDICULAR I *41 


1. Prove th Exercise X 
eas at t a re | . | 
*: Shee thar na ~ 3). 1), (4,4) is £ te 
that os A} 
the join of (1,5), (= 2, 3) i : ao 
) 18 { to the ate 
join 


- of (2, 6), (4, 3). 


3. A,B,C 

? p) D 

(-2, —4); pe SRR the points | 

, ; pro | s (1, 2), (4, -1). (g&c8). 
| e quadrilateral 


pers at right angles 
. Show the ‘ : | 
vertices. ofa ero are (3, 4), ( ~ 2-1) a 
5 ABC -angled triangle »—1), (4, 1) are th 
? ’ a 7 oa is | e 
that the ae ne points (4, 1), ( eee ae 
nuse is 5/2, C is right angled ae a : oe } prove. 
6. Show t = at the hypote- 
are the v hat the points (—4, 3). (1. - oe 
. Show the (1, 2), (4, 8). (5 sas ares 
, 2), (4 : 
(4, 5), (5, 4), (2, 1) from a rectangle 
angie 


of area 6 sq. units, 


8. Show th: 

cee that the poi 

we a vertices praia (1, 4), (6, 1), (8, —4) (~3 | 

9. Show that ne Te ae ee) 
rhombus. __ (1,5), (9, 9), (5, 1), .(-3 ae 
(15, 4) are the cea eee 1) 7 es oe 
pie: oes Of a rhombus of 4 +.12, 5), (8, 20 | 
) OL. area O55. 3 


‘ 


as oy 
ae 


11. Show that (= 6 : 
ns 2 ) lies on the circle whose dia; 
kana e lameter 


y 


12. A; B’are'the po 
as e the points (—'1, 2)° (3° 
described on AB? i f (x dota 1, 2); (3, 7) and “ 
v ¥) be any point on rai is 
| € semi-circle 


L show th 
ett” 2m Oa tH 
~ 4 ttl=0. 


°, ; : ‘at t ‘ een op pt 
is the line join he equation to the sine 


SI : 3 v t] 3 t if : . th ti ti f 
O a 


diagonals of 

Sanat ee a rectangle, 

scribing - gle, the equati 

x the rectangle ig ae hase to the circle Gi % 
: se Re Yq) =0. 


~ nates of A, B, P respectively. 


rm 


a 


cuAPTER V 
- Section Formula 


 3f.- ‘Point of Bisection of ‘the Line ‘ining two. 
Points. Let. A (4, yi) B (ae; Yo)» be two. given points 
(Fig 24) and: let P (#, 9) be the point of bisection of AB. 
Let AL, BM, PN be the ordi- : 


It is easily proved that 


PN pisects LM, 
(1.ee LN= cee? ane 
: Further, OL=4%, OM=*2, 
| ON=2; : . a 
but OL+OM=20N, . LL N v 4 
1. @. ty +%_> 20.: (Fig. 24). . 


‘OF g(a +%2)!?- | =” | 

Also NP = half the sum of the parallel sides LA, MB, 
Le. | y= lyst yl? _— E 
Fence the co- -ordinates of P are uth, wt) 


32. Aliter. 
a-axis to meet NP, NB at Q, B respectively. 


The two right an 
, AQ=PR, . dea | 

- But AQ= _LN==- Bf. ae R=NM=2- Ls 
| Oo ata ~NQ=y9- Uy 
£- - ty ehg~ % 

c= b(ay+%2)- 

giilarly, y - Y= Ya- 


Note. The above result could also be es 


of projections, | and this is left. a8 an exercise f for the student. 


Ys whence yt 


| Ratio. 


Jn Fig. 24 let AQ, PR be drawn ‘| to the bau 


gled triangles AQP, PRB are cnet . 
RB) -MB-MR =th- oye Y 


stablished py. the coogi 7 4 


33. Point dividing the Join of two Pointsinagived of 
Let Alay, Ys)» Be» y,) be any +4ivo given pelt a Ot ons 


a 
a ‘s 


a . *jnolined: to the #-axis (Fig. 


| and therefore 


OF. 


US Simi, | yy _h 


ae temnally ‘thé 
~e join 
ie ae ee of (4 th), (es Ye) in the ratio k: 1 : 
are 


POINT OF SECTION. 


and let P(x, ‘ 
d | 

| oa a ey rece internally in the ratio k 31 (Fig: 
= to the z-axis to aa YO _ 
a € ordinates of P, Bi in 
. oy respectivly. 
ae e right - angled tri- | 
easily AQP, PRB are . 
sily seen to be similar; 


ae PR RB PE _#. 
ee ns PB 1 

oops t-2,,PR= a, 

a = ¥-4;,RB= =I; 

- ” G-%, _k 
ae 1 
ac = ke, - ke, 
: bee bet Hy 

. si Eels 


(fig. 25) - 


| “80, that 
or 


j Fa ~Y Os , whence y= fay: oli. 


| 
3 i = 


| | Cat ky, + ly 
htt kth west) 


34. 


_ the pro 25 t 
jections of AP, PB o ) at an angle 0, pes bial 


n th 
AP cos = ~AQ=a- : 2 “axis, we have 
1> 


PB cos é@= PR = = 
2— | 
(my~#)=AP/PB = = hil, 


le ly = = ha, - kx, 


—(k aa L)ar =kzx,. 4 lac, 
“C= (Katy +1a,)/(k+1). 


so thet — 


MLEMENTARY ANALYTICAL GEOMETRY ‘= a Res | 
| | | ae [o PP it : ENERAL: SECTION | FORMULA _ 4 7 
point dividing external th j 
& ) y e line j joining @ ) , 4 
29 Ye in the ratio L Li is (Hae lets Kyi - la, :). 1. w > - j 
36. Ge gb 
_in the two eral Section Formula. ‘The result 
ases of internal and external divisi sinc 
10n aay be 


44 
similarly, considering the proj 


we have’ (y-yp! (va 


whence, simplifying, 
tudent should earefu 


‘ections’on the y-axis, 
y)=AP/PB=K{l, 
ae = (kya +ly)/ (k+ 1). 


and remember that in 
a, (OF Y1) 3 gimi- 


lly siote 


Note. ‘Thes 
the above formule, k multiplies at, (oF Ya) and -not 
atly | multiplies vy (Or Yr)5 ie. each number multiplies the ¢o- . 
ordinates of the point that is away from the corresponding segment. exp ressed by, a single formula th 
The Cc us; 
Corrolary 1- As an immediate corolary; we find, by es ne s “ordinates of a point, which divid 
=], that the-co- -orninates of the mid-point of the 1) Fi)s \Xa, Y,) in the ratio! a ee gen oF the join of 
Se wf j aa a 
Et nes esas 


putting k= 
et. Hine joining | 
result already ¢ 


(1, Y Yi), (2g, Yo) are seca al Y)}, % 


stablished in Art..3 where th 
e Tatio k: lis consid | 
ered positive in the 
e case of i in. 


| 


joining bl | - 


—Q. Any point (a, y) lying on: 1S line j 
(xg, Ys ) divides the line in the ratio -— poe i 
io (ae —a)[(@_-®) OF (y- ~ y)/(yi- 9). divide mole Find the cé-urdinaies of ie ae 
35. Point of Section : -External. In the preceeding in the ratio 1: “4 (4, 3) and (1, 6) ) internally x ‘whic 
Arts, we considered. the point of section to. be internal ; Point of internal divtaicn : ites Se te y 4 
now we take an external point of section, | | ‘ed per) ‘ : | 
Let A(z, Yr)» Bl@2, y,) be two given points (Fig. 26) and : a TER 3 ordinate = 1:8 +268 - 
let P(x, y) divi ‘de AB externally in the ratio. k:l. If the | P oint of external division .. Evie % ee —=4. 
inclination to the a-axis of the line AB be Q, we have abscissa = 1.12.4 6% 2 an 
Tap =7, ordinate = é-83 9 
*. The points of divisiou are (3, 4),1(7; 0). a a0 
ode i 


AP cos g=AQ= w— Uy; 


BP cos = =BR= Bm Xa, 


, ow that A(-2, =u B(L, 9), o 3), A, 2) 


on form a prnllogean. 
The mid- | 
| point of the :dia.- 
- gonat AO (Fig. 27) is. (1,:1),; 
: and the mid-point iof “the 


(h- =I: = ke - ka; 


o 

| kitg — ley 

os a j diagonals BD is (1; 9, 
‘Tn a. _ sirailar manner oe | Thus, the dia 
(y- - ¥;)! (g- = Ya ee = “Fig. 26) . : | have the same daa, 
a that tad one hi a Hy: = = - | “ the diagonals AC, BD bicee poe yoy! 
ee 7 & ys To B72 © cach other at (1, 1)! "Hondo ABCD is (Fig. 27) 
Pa oh Oe t 1, The case ke ei 7 Taide a ie 
| = y, to be excluded,” 


GE : 
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— Example 3. Find ‘the co-ordinaies of the pret the Let OA ABC ie. 28) . 
rtices are A(%4; y,), BI (a, Yo) (3, Ys): nen a e the quad 4 
$ Hanes 4 
| | AE: Eo= i OF: EB=J:1, | a whose 3 diagonal 7 a 


Since E d 
ne ividés. OB i in th 
a me 1, its co- ordinates are © ratio 


C2 21 
ei’ ii) 


triangle whose ve 


if D be the mid-p¢ 
aeey watts), 


oint of BC, its | co- ordinates are 


in the silts 2 1; : 


2 
The centroid, G, divides AD internally | 
therefore the co- _ordinates of G are given by ae 
pee fae ae : 4 ep since E divides AC i | - 
2x 5) 34 1X % OK + LK - Tatlo m:1, its co- ordinates : the 
= —_—ySOSOS a = a ll ? ones 8 are | 
i.e. ge klayt tet es)» = Mart yet ae. Hence, if 1+ 1-0, me) are (Fig. 28)» 
+, The co- -ordinates of the centroid or x | q , 2 . 4] _m42 0, we have. | 
Msc %_+%s)» Martyr yd a ce oF - — T41 m+t and rate m - 2 
: : ze. rom. t . 
Example 4. Pind th what ratio the join of ~ —3, (2) a ay | ne first of these equalities a m+ 
B(4, 6) és cut bY the co-ordinate axes. : . | : a =(1+1)(m-+2), | 7 , 4 
Let AB be cut by the x-axis in the ratio 1:1; the point = & epee sg hk sings =(, hares a , OF 7. wa 
4-3) 6+21 DSS | From a eel ee . e 29 
of division has cO- -ordinate aa ar) : — | he eon equality we pee ‘a(m-+1)= 
But, since this point lies on the x-axis, its y-CO” -ordinate | is 0. ] ~ o is seis =(,. (+ nin 2), 
oe * . 6+21)/ a ae | J . Equate these two ee a ae i. or oe 
[= -3. 7 - § and cross. | 
| ca Sl oe | aU ~ 1)? ( multipl ; 
So AB is eat by she z-axis in the estio 1:-3. oo ok eae cn ae ee oo 1), | : Di 
Similarly, if AB is out by the y- ‘axis in the ratio l:m, We ‘ ih Wak (51 - 2)(041) ake sa ow 
have, on equating the %-Co- -ordinate of the point of division 4 : a Jae 2/5, - aus " 
 A-3m he . “mee Tis’, 
t ! =0 or 4 = i=: Sth  , 2 He 
0 ZeLO, ces ~m | | 7 a Bence the rig OB, 
- Ms: ae A os | other i Ht the ratios 
. AB is out by the y- -axis in the ratio 1:3 or 3: 4. 7 a the ‘Micraative Method. A | 
| = | e rati ssumin 
5. Find the ratios inw which the diagonals of ihe oe one ol i. we find the co- ing E divides OB i in 
a 7 ( 44 OY 8 of E to be 
 @ +1 LL i =): 


seal 
(1, 1) cut each other. 


drilateral (0, 0), —2), (4 2); 


qua 


; a point 
18 (6, —4) an 


? 


‘of trise 


d fi 


ae 
we. ; i 


+ oR 


ygetting 


ction 


BG - 4, 6,0), (-3,7). @(-5, 0, 6 9, (-3, 


: co-ordinates of the point of bisection, ea 


the mid-point of BC and-G divides AD in the ratio 2:-] 
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TA ~2, 2), B (5, 4), (3, 1). D4, =1) are: four 
points; show that AC, BD biscct each lother and find the 


8. ‘Show that the points (- 1, 0), (5, 4), , 6), (=5, 2) 


are the vertices of a ‘parailelogram. | : a | 
. 9, Show that the points (3, 1), (- 2,2), (-1, 5}, (4, 4) 


are the vertices of a parallelogram. ne i 
10. Find the centroid of the triangles formed by 
(1) (3, 2), (-4, 5), (-8, = 4). (2) (=1, 4),3,—7). ( —2,3). 
, : 
z). 
1. A, B, C are the points (Gi. 41), (Xp, Yo); (x5, Ys) 3 D 1s 


find the co-ordinates of G and hence deduce that the medi- fee 


ans of the triangle ABC are concu.rent, - . 

12. A (#, 41), B (22, y2), C (ag, ys) aro the vértives of a 
triangle and D, E, F are the mid-points of BC, CA, AB 
respectively. Show that the centroid of DEF coincides 


- _ with that of ABC. | 


a 


of the. a | 


| other 
nd a -. 8 is cut by the co-ordintes a, 


7 


(13. Show that the lines joining the mid-points of the - 
pairs of opposite sides and the mid-points of the diagonais 
of a quadrilateral are concurrent and bisect one another. 


14. ABC is a tringle in which AB: AC=3 :7: if ( - 1, ~-3), 
(5, 1) be the co-ordinates of B, C, find the points at which 
_ the internal and external bisectors oftheangle A meet BC. 


15. Show that the x-axis divides the join of (I, - 5), (3, 2) 


Bim the ratio 5: 2. Also find the point of division. 


16. Find the rations in which the join of (4,1) ane (7, -2). 
xes Find also the points of section. 


CHAPTER VI - 
Areas 


. | 37. Area of the Triangle with a Vertex at Origin. | 

.o Let O be the origin and A (x, y,), B (%e, ys) be any two 
given points (Fig, 29) and let AL, BM be the ordinates of 
A. B. It is easily seen that _ 


AOAB= =AOMB +trapezium BMLA— AOLA 
=40M.MB+4(MB+LA)ML - 40L.LA, 
[ since area of a trapezium =}(sum of parallel aides) x 
_ (perpendicular distance between them)}. 
q =Hxay, + (Y1+ Ya) (@ - Be) — 2,9,]=4(%1Ye - ma). 
| 38. Aliter. Taking 
Le OA, OB as 7,, 7, and their 
respective inclinations to | 
the x-axis as 0,, 0, we find 
(as in Art. 19) that 
%1=1, cos 6,, 
nF" sin 6, 
%=1z COS Oo, 
Yo=1%, 81N Oo, (Fig. 29) 
. AOAB=30A.OB.sin AOB = 37,7, sin (2 - 0,). 
ee 7,72(8iN M2 COs 0, ~ Cos O, sin @,) 
= $(7, COS 91.7, SiN O,—71, COs Oa. r, sin Ox) 
=$ (XY. - XyY;). | 
Note. The latter method holds good for all positions of the polits 
_. Aand B. The result, of course, is universolly true; vide Art. 17, 


39, Sign of the Area. If the points be taken in the 
order BA we obtain by the above formula, the area of the 
triangle OBA as ( U2Y1 — L1Ys 2- which is equal to 
— (%1Y2-%y,)/2. That is, the area of AOBA, is equal in 
magnitude but opposite i in sign to that of the area of AOAB. 
From this we are > led to see that the area of a ' triangle i is 


a 


52 


capable of being positive or 
tices. are. taken in 
_ We therefore ado 
considered. positive 
sitive 1.6. cou 
’ vertices are ta 


for areas 18 
ways to the 
is always to the rl 


| Alay, Y3)> Beg, Yo)» 


| TRY 
BLEMENTABY ANALYTICAL QEOME 


negative “ecording as the od 1 
the counter-clock wise or clockwise oe s = | 
pt the convention. that the area 1s 


taken 
he vertices are 
ace d negative W 


rder. 
ken in the negative or clockwise 0 


sing this convention 0 ‘ 
ound the figure the area 18 d4- 
snsidered positive: if the area 
considered negative. 


hen the 
nter- -clockwise order an 


f signs - 
Another | method of exprse 
that, if in going r 
left, the area is co 
ight, the area 1s 
mes 
— AO: Area of Triangle with given Vertice 
C(x, Ys) 
be any three wee points 


30). 
a O the origin (Fig. 
ce area of the triangle 


Let 


ABC may be: derived in a. 
riety of ways. : 
ae if AL, BM, CN be the ; rr 
ordinates of A, BO ot orig. 80) 
| = azium a 
aaa cee CNMB - ~ trapezium ee aca 
hy, +Ya)(%s — %4) +3 $(Yor = sagen 8 iH 
. the af 
| m0 lification, given at 
er iF ee valid only when the #-axis — ine 1) 
Eee Thi atgament ‘ sult is valid in all eases. ( 


ABC; but the re - 
in may be shifted £0 any vertex, (os i je :. c, 
| : — ae of B, C then change oe | 

O- 
= 7 é — Y,); NOW applying the formula 0 
| (%3 — %, 37 41” 


= Y3)5> 
- Y4).7 (37 4) (Yo- 
Een : vii = Ay exercise for the student. | 


f signs, (Art. 39) 
A, B and GC. 


the tsiangle 


simplification 
™ d the convention Oo 


in 
. Basing sare sitions of 


4b is easily seen = for all po 


in the po- ; 4 | » 


© (Fig. 31) draw ||s to 


the axes. 


' or as 


- given points to know the order of 


AREAS OF TRIANGLES Bg 


- AABC= A OAB ” AOBC+ A OCA | 
| =$[(%Y_- #94) + (a2Y3 — X3Yo) + (%3Y — %Ys) I. 
an expression that can be re-arranged. in the form 
31%y(Yo — Ys) + 0(Y3 - Yr) + V3(Y1 - Yo) I. 


- The student should verify that this agrees a the result given 
Bs either of the two methods pugechted above. 


4. Throught A and 


the x-axis and through 
B and C draw |/s to 
the y-axis,so as to form 
the rectangle CDEF, in 
other words, circum- 
scribe about the tri- 
angle ABC, a rectangle 
whose sides are II to 


(Fig. 31) 
Now  AABC=rect. CDEF — AACD — ABAE — ACBF. 
: =CD.FC—40D.AD - 1BE.EA—}FB.FC, 
=(Y1- y)( ts ~ Xp) Loy ~ Ys)(%3- 2%) 
| = 3(Y, — Yo)(Xy — La) — 3(Y2 —Ys)(%5 — X2); 
“ AABC=3[%, (Ye — Ys) +2(Y3 — -Y1) +%3(44 — Yo). 
Note. The expression for the area may also s ‘written as 
3(2 Yq +XaYq+ ©aYy ~ 94Ys~ Xr - Zao). 
3144 (4, — Ys) — Y1(X_- Xs) + (TeY3 ~— %3Yo)], 
Example 1. Find the area of the a 
quadrilateral ee by (— 2,1), | 
(2, 4), (-1, 3), (1, -2). | 
It is first necessary to alge the — 


the vertices. Denoting the four 
given points in order by A,B,C,D. 
it is seen on plotting (Fig. 32) that 
the saa is ADBC. 


2 z % ; : ’ ie 
I lg a ed aR ce Re LE Et a a Peer BR en ee a RD eon et i Re cts ae 
2 AREER CMO raat ae ote ety CREA, ee ee Te P a a 


— men : 


is. :__CORPENERRRERT PTE yee 
cera ahaa reais peau gRe aed 
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Area ADBC= =< ADB+ AABC | 
. =4(124346)+h(- 24443) = =13, 


Example 2, Show that the points (-3,-1), ( - 1, 2), ° 8) 


are collinear. 


- The area of the triangle formed is the thice points i is 
—-B(-3)(2 - 8)4+(-1(8 +1) +3( -1 - 2)] | 
=$(18- 9 - 9) =0. 

*. The three points are such that the area of the triangle 

formed by;them is zero; that is,the three points are collinear. 


Example 3. A, B are the points (-1, 3), (- 2, 5) ; find 


the locus of P(x, y) which ts such that the area ABP is+4, 


The Analytical expression for the area, of a triangle ABP 


is $[—(5—y) —2(y - 3) +.2(3 - 5)J=F(1 - Qu —y). 


Equate this to the given value of the area namely, +4 _ 


-- and simplify; we get 1-2¢%-y=8 ‘or a eee 
‘ which-is the equation to the locus of P. 


Note. On geometrical considerations it will be clear to the stil | 


dent that the locus of P is a st.:line |].to BC. 


Brample 4, A(-1, - 2), B(4, 0), 0(3, 2), D(-2, 3) are 
_the vertices of a quadrilateral taken on order. Find the ratios — 
in which the diagonals of the quadrilateral are divided at their 


point of intersection E. Find also the co-ordinates of E. 


- It is proved in text-books 
on Geometry that, if two tri- 
angles stand on the same > 
base their area are as the 
| segments into. which the line 
joining their vertices is di- 
vided by their common base 
Thus, in Fig. 33,5 
AABD: ABCD = AE: EC, 
AABC: AACD=BE: ED. 


joe = ao 


mee 


4 


AABC=4(2-+16 - 6)=6, 


_ near with the points (1) (—1, 1), (2, 7), (2) 


AREA OF TRIAFGLES = 55 | 


' Calculating the areas of these four triangles, we have — 


AABD=}(3+20+4)=13'5, ABCD =}(-44+9+44)=45, 

AACD=}(1+1548)=12.. 
“AE: EC=3:1° and BE:ED=1:2; 

the diagonals are divided at E in the ratios 3: 1 and. 1: 2. 


Also the co-ordinates of E which divides BD in the ratio — 


' 1: 2 are easily obtained as (2, 1). 


_ Note, Compare this method with that employed in Art, 36, Ha, 5. 


Exercise XII 
4. Find the area of the triangles whose vertices are 
(1) (0, 0), (3, 4), (1, 2). (2) (- 1, 3), (0, 0), (i, 2). 
(3) (- I, - 2), (3, 4), (4, 3). (4) (1, 3), (2, 6), (3, 4). 
(5) (4, 5), (1, 4), (3, 1). (6) (- 4,5), (3, i 2), (0, ~ 4). 
2. Find the areas of the quadrilateral with vertices at 
(1) (0, 0), (4, 6), (2, 5), (5, 1). | 


(2) (2, -5), (4, -1), (-4, - 2), (1, 1). 


(3) (1, - 2), (2, 1), (4, 2), (3, - 1). 
(4) (3, 3), (1, 4), (—2, 1), (2, - 3). 
- 3, Show that the area of the quadrilateral whose vertices 
taken in order are (2; 41), (2, Yo), (3 Ys)> (2s Ya) is | 
— R(LypYg A LeYg t+ LeYq + LyYy — V{Yq — LoYy — LeYo — LsYs). 


_ 4, Find the area of the triangle formed by (- 3,1),(- 1,5), 


(1,9), What inference can you draw from the result 2 
5. Show that the following sets of points are collinear : 
(1) (—7, 1), (-1, 4), (8, 6). (2) (-3, —7),(-1, - 4), (5, 5). 
(3) (0, 2) (4, 8), (-8, —10). (4) (5,7), (-3; gh -7, - 2) 


6. The points (3, 4), (-7, — 6), (9, y) are collinear; find y 


7, Find the condition that the point (x,y) may be colli- 

(1, 1), (2, 3). 
8. P, Q, Rare the points (3,1),(5, - 1), (x,y), find theequa- 

tion to the locus of (x, y) given that the area.of APQR is +5. 


Br 
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9. A B are the points (2, 1), (5, 4) ; find the locus of the 


point P(x, y) which is such that the area of AABP is 6, _ 


10. (x,, y,), (%, Ys) are two fixed points and (z, y) & Vari- 


apie point ; write down the expression for the area of the | 
triangle formed by the three points, Hence deduce the ; 


equation to the st. line passing through (X,Y), (Xp, Yo). 
11. A, B are two points on the x and estrespastvais 
pe wep ont - and y-axes respectively 
such that OA=a and OB=6, O being the origin. Find the 
equation to the locus of the point P which is such that the 
area, of the quadrilateral OAPB is a constant =k, — 
12. The vertices of a quadrilateral, in order, are (1, —4) 


2), (~2,1), (@, 9); if its area is +28, show that the _ 
locus of (x, y) has equation 52+3y+430=0. - eae, 
13. Find the ratio in which the join of (7, 3), Ee 3, -2) | 


divides the join of (- 10, 2), (5, —3). 


i. P,Q, B,S are the points (-1, —2), (2, - 2), (5, 8) 
(-1, 3); find the ratio in which QS divides PR. fe 


15. P( 2,6), Q(3,-2), B(—8,-4), $(-2, 13) are the 


vertices of a quadrilateral taken in order; find the ratios in 


_ which the diagonals PR, QS divide each other. 
_ 16. Find the ratios in which the diagonals of the quadri 


lateral (8, 1), (- 6, 3), (-7, 4), (6, — 3) divide each other, 


Find also the co-ordinates of the point of intersection. 


17. P(~15, -1), Q(-1, -15), B(13, 13), $(—9, 9) are 
the vertices of a quadrilateral; find the ratios in which the 


| diagonals PR, QS divide each other. 


18 Using the result that the area of a triangle is algo - 


obtained as half | the product of the base and the altitude 
show that the length of the Perpeneicular from the origin 


on the line joining (21, y,), (a, yy) is 


S Ya- ea Ve = BF EG, - ‘ae 7 


_ should draw figures for the cases wherein 6 


| : The Straig ht Line 


seen how the equation to a locus may be found when we 


are given the condition satisfied by the points on thé locus 
and in. many cases we have actually.determined the equa- 


tions to straight lines, circles and other curves. In parti- 
cular, we have noticed in Art. 10, - that the equation to a 

straight line || to the x-axis is of the form y=k, that of the | 
e-axis itself being y=0. Similarly the equation to a straight. 
line || to the y-axis is of the form z=k' and that of the y- 


axis itselfisw=0, — 


Let AB be a st. line inclined at @ to the v-axis and cutt- 


Se: (Fig. 34) ss : be RES: He. ai - (Fig. 35) - as 


ing the y-axis in ©, where'OC=c. (Fig. 34 represents the 
case where cis positive while Fig. 35 represents the.case 


where ¢ is negative, @ being acute in both cases. The student 
is obtuse.) 


Bs P83 oe 


41, Equation to a Straight line. We have already 


A 
4 


ny this chapter and in the next, we derive the equation to.st. 
_ line in various standard forms. — | | e » © 


- 42. Gradient Form of the Equation to a Straight Line 


pS boas IRE oa ee Ra Thai se tunes oe yh 
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Let P(x, y) be any point on the line. AB and let CQ be 
drawn || to the z-axis to cut-the ordinate of P in Q. Denot- 
ae the elope of AB by m, wehave  . 
| QP: MP-MQ_ 7 

t= -tan 6 “CQ” r “CQ me - 

; .Y-C=MxL. OF. ie aaa 

which i is ie equation to the line AB.- 


43. ‘Slope Form: ‘Alternative Method. The slope of 
the join of P(x, ‘y) and C (0, cy is by Art. 28. (y—c)/2 and 


as long as P lies on the. line AB ‘this 1 must he Renetene be- — 


ing always equal to m. ie a 
--‘Henee, for all: positions of P on AB, (yo . ~0)/e= mM, 
so that the équation’to the ‘st. line AB i is” es mit +6. 


Corollary. If the line AB passes through the origin, 4H 
constant c=0 and the equation to AB then becomes y= = me. 


Note 1. ~The segment OC of the y-axis, bounded by the | 


. origin and the’ line AB, is ae the: intercept — ae 
the line on the y-axis. | 


2, In the equation y=mut+c, the constants m and C 
: respectively denote the Ope or geaayent and. the iehs 
on the y-axis. | ie : 


te 
She 


3. The form y= ma + of the equation to a st. line is 


variously: called as the gradient form, the. slope form, : 


the tangent form or the slope- intercept form. 


4. The intercept is positive . when. AB. cuts thé y-axis 
| above the origin and negative when it cuts the y-axis below. 


44, Linear Equation represents a straight Line. It. 


is. to. be observed that in the equation y=mxe-+c, the vari- 
ables x, y.occure in first degree only, that i is, the equation 

is of the first degree i in ae and 1 Y; or as, it, is sometimes called 
a | linear equation. . . ee 


‘LINEAR en, BG 


“The converse ig also true, A e. a, 1 linear equation i in x a ond 


y represents a st. line. a, 


To Prove this, consider the equrtion —e oh Feat 


| pb gy tT a0, oo ceie evens (i). 
where , q, 7 are any 7 constants, and let (4, 91) be a ies 
point on the locus, so that px, +qyjtrT=Oe «10... weeks) 
If (22, yp) | be any. other point chosen at random any fos are. 
on the locus, we have a2) +a Ya +r=0. al cuad spose (3) 


Subtracting (3) and (2). 
| (2, - _) +41 - Ya) = 0 


. or Y- Yo)| (ey a 2) = ~plq, oe | - . 


which shows that the slope of the line “gle (a,. ay. to the 


“fixed point (2,, y,) is constant, being always. equal to- ply 
hence (#2, Ya) must lie on a st, line through. (a; Y1) and of | 
slope — p/q. That i is, Points sotlabying ecato ( ta lie on a 
st. Jines 


ser Poe 


“AB, Aliter. Take any two points, (%y, 4), (eo) om * 


the | loots so that we have / ee 61 oe alas 
fe es one! pmb quatre 0.” CO Bae Oe oe 
Multiplying the first-of these by 1, the dbcand: by k, (ke ind’? 
being any. 4wo numbers arbitrarily chosen) and adding, we" 
obtain — p(ka, + da) + gkys za Fn) + (he a De 0, 

Divide throughout by hdr | 


eihiéti shows that the point (eg ’ sah) lies ‘on 


ee oa eee 
the locus an “put qytr=0. Sk a 
But this point is the point of ‘devision of the. eee joining 


(1, Yx)> (as Yo) in the ratio & :1, where k and l are any | 


ns = Dead ana a PLT eto 
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: quaiitities chosen at 5 plosimare (k+140). Hence the point 
dividing in any ratio the j join of the two fixed points (21, 41) 
(22; Yg) lies on the locus ;. but all such poirits of division lie 


_on the line through (a. I) (atys Y,), 80 that it follows that 


the given equation represents ‘a straight line. | 
Here i is another: alternative method : | 


Let (24,41), (2,4) (25:43) be : any t ‘three points on the locus 


80 that pr, +qy+ +r=0, Pt, + Gy,+7=0, Pest dys t= =0. 
* From. the first two conditions wehave 
| plAar- Ya) = == 9: (%- ai) = r: (ive - a). 
But p.q.r satisfy the third condition also ; : 
= %(Y1 ~ Yn) - Ys, - ig) + (ayys— = ay1)= =0. _ 
That i is, the area, of the triangle formed Pe the e three pont 
is Zero; hence they are collinear. - 


Note Ly The form putgytr= =0 of the equation of a a 


line is ‘called general form. . 


2. Tf we denote the expression petayte by L L, ‘the 3 


équation to the line may be written as L= ae 


46. Reduction to Slope Form. Given ‘the ‘equation | 


to a, st. Tine i in the general. form, we can easily convert it 
or throw it into. the slope_ form. Thus, the pets 
Au+Byt+C= =0 can be written as, - we 

By= - Ax - -C, or y= oe ALB) - OB) 
which i is the slope form required. 


te. we note that the slope of the Vine dai By +0. co | 


= A/B, and the intercept of the line on: the y-axis is— O/B, 


- Corsllary 1. “TfAs= 0, the slope i is 0; hence the line is 


i: to the x-axis; while if B= 0, the slope i is co and the equa- 


tion reduces tox= = C/A, which i is the equation to. a line | 


1 to the - axis. laa a. cg eee 


4 
kh. 
e 


THE TWO s1DES OF A LINE . 61 - 


2, The condition that the two’ ie jiuone Av+By+C=0 


| ana A'e+B'y+C=0 may represent the same line is that — 
the slopes, as well as the intercepts on the y- -axis, in the 


_ two cases, should be equal; that is, . ok 

| or ee ee ee 
ee “BB BB 
ORS 257s AJA! = B/B' =C/C'; 


ie. the co-efficient of like terms should be Spadioaal and : 


not, as the student might be tempted to say necessarily equal 


| Example 1. Find the equation to a line inelined at 30° to 
the x-axis and making an ‘intercept 3 on the 4 y- ais. eee. 


| The inclination of the line i is 30°; 
its slope = = tan. 30° = = 1 . 3. 


The teat of the line on the Y-HX18 being; 3, ‘he required 


equation is y= = (1/4/3)e+3, OF V3y=e+373. | 
. Kxample 2. A st. line has equation 4a = - 3y.+15=0; find its 


slope, inclination to: the x-axis and the. intercept on the y-axis. 


“The equation can be written as 3y=42 - 15, of y = 44 — —5. 
The intercept on the y-axis is —5; the slope of the line is 4 


the inolination of the line to the z-axis is the angle whose 


tangent is $, i.e. the inclination = 53° 8', (from table). 


47. Positive and Negative Sides of a Line. If PC %) 


be any points on the line : ye 
de we: have a 
Take. two o pointa P’ (h; I i 
and P"(h, k”) on MP, .the a? 
ordinate of P, 80 as to lie 
respectively above and | ae ; 


below the line (Fig, 36). foe Wie. 86) x ees 


iBy* above’ ia ment that side i in which y increases, a 


~ 
\ 


Sg a ala cell Pe Se ee ee as a sai i cist aaligle tices sai ini iciatntag : , 
ERSTE 8 CTT NLD TE ET ee ee ae os agra eA aS ga SS : . - ok = p SoS ‘ . ; 
ba a eas ie eb alia hci : ce es 5 ‘ Aeon , ~ “ : Peo 3 . 
om ni sao ete Me: settings ete sen ahi, teenth: “Kew da pohsbom aS aasens a - path 


is 
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Iti is ; then readily seen that x Sh> ke © 
or Rk >mh+e, ki <mh-+e, since im mh +0, sah ae 
Le. k’ - (mh +c) >0, CK. ~ - (rh + ec) 20. >” eles - - 


That is to say, for pyints above the ie AB, thee expression 
y - (mx-+c) becomes ] positive when the co-ordinates ofthe 
points are substituted for x, y, while, for points below the 
line AB, the expression y.- (mx-+ c) becomes. negative when 
SO. substituted, In other words, if L stand for.the express- 
ion y— (ma+e), on one side of the line AB lie points whose 
co-ordinates, when substituted i in L render it positive, while 
on the other side of AB lie points whose co-ordinates, when 
so substituted render L negative. ’The former ‘side, on this 


account, is called the positive side of the line AB, while 


the later side is-called the negative side of the livie. 


Thus, ‘ib will be observed, ‘that the whole plane i is divided | 


into two distinct: regions or’ domains, the positive domain 
and the negative domain, the former consisting of all those 
points whose co-ordinates make L pone and the latter 


consisting - of all those ~ os ae ee 


points whose co- -ordinates . ++ 
make L negative; andthe , + + + 
boundary line . between eo ca 
these two doniains’ is’ the ®. pe + 
line L=0. . This may be + 
- illustrated, -as in Fig. us 


. _ 48. Tf the equatio 9 is - 


: a 
—— = eee eee See aoe 


form: ‘ae -+by +20, i can be 
easily thrown into the slope 
form and the abovejreason- gases a re ee 

ing. applied.: ~The-stydent. can: easily oe that. that: ide of ake 
line is positive, the® co-ordiaates of points on wh 
expression az-+-by +¢ positive ; similarly for the: ‘negative side. - It 
is to be observed that if b and c are of like signs, the one will be 
on the positive side of the line. 7 


f 
« 


“make the 


eed 
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2 Note. While determining the. positive and negative sides of a 
| line, the equation to the line is to be so’ ‘expressed as to thake tho 


co-efficient of y positive.. In the case of a line parallel to the.y-axis 
there is no y-term in the equation; ; for such. a line, the’ right. side 
or the side in which x is increasing, is defined as the Positive side 


49, Position of Points with respect to a line. 


: If. A (a, va) ee Ya) be any two. given. points and 


| points A a B. are.on the a ae or on * opposite ies 


of the line socording” as ax, +by,+¢ and At, + by, +e are of 
the same sign or of opposite signs. | = 


This result may also be deduced i in ‘the following manner. 
- Let the join of (x, ws), (a, ) be cut by the line 


an-+by-+¢= 01 in the ratio k:1, 


_ The co-ordinates of the point of section : are | is 
| Keg t ley kya tly, 7 


MR * 3 


| +L +I ene . 

Since this s point lies on the given line, we e have | = 
has q bet + Ut keys keys ly, 
Rt aa ee LHL +e=0; 


rinultiplying throughout by (K+£1) and re- -atranging the: a 
Klan, + by, +e) + Uae, + by, +c).=0, . 


| from which Rfl= - (ax, + by, +0)/(aa,tbysto).. 

But it is clear that the two points are on the same side or : 

_ on opposite sides of the line according ¢ as k: lis negative or 
positive;.. that is according | as the expressions: eamthy.te 


and, a, + bya te are of like or unlike signs. . i 


60. “Alternatine. Method. ‘Let KG, ‘ky, Bi’, by” ‘Be 
two.,points on the line ax + by: +c=0, and ‘let P(x, Hy) 


Qe; Ya). be any t ‘two. Boints that. do not lie’ on the line. 


ot Seine, 


Thon ah+ bk + C=O, ese eeps tere ye eell 


: ey pe A ey em PO ay 
Pe it SP SBR OE ae pectats ued 
2 : eens: 
“4 


oe -TWO-POINT FORM fee Ut) gg 
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PAB= He (k— —k)- ~ y(b—h )+ (hk = hi Ky) eB) _ Let the equation. to PQ be y=mx+e,. the aede being 
“Al 1 1 


A SSE ERENT Oe coe i 
ies Sees : spaniel 
. saaeanl — ses ° Sere one se Sa 


; ‘ing va equation ig hiss 


- AQAB=4lin(k- he’) = y(h- gna ei Dl: decent 


| From (1) and. @) we have’ 3 a a 


a ae ae BET BG 


- k—-k' = xa, oie ~h')= 6, hk’ - ie re. 


| ean these values in’ (3), (4), we obtain , 
APAB=4x(a0, +b, +9; AQAB= Ianto Se 


| APAB_axtbyte._ 
: AQAB ity + byy + 6 


| But P and Q a on, the same ‘side or on ‘opposite dies of | 
the line according as the area of the triangles PAB, QAB_ 


are of the same sign or of opposite signs. “Therefore, it 


follows that :P and Q are on the same side or on opposite 
| sides of the line av+by+c= 0. aceording as the expressions 


nt c and a, + bya +6 are of like or r unlike oe 


61. Line through a Point with given Slope. Let PQ 
be a line of slope m and passing through Pty w) ree let, 
: Qa, y) be any point of the line. (Fig. 38). es 

The slope of the Tine through (ty Y)s (x, ai is, by. Art. 28, , | 
Cor. 1, (y- =u) le) 5 but the os of the line PQ is ig 


| on as mm. ee ey ee 


(y- - yy)|(@- ~%,)= Mm, 
 y- -Y¥;)= m(e— By). 


| — is the condition satis aes 


fied by the. co-ordinates of t co ¢ = 7 
any poing ¢ a. and i 3B; there Ce, ee 


7 line PQ. | 


“yricther « mnthod: ‘of ote oe (cae : - 


tion to the line through the one and the pio @ 


= as m; since the line passes ene (% Yh)» we have | 
yy = mit, +0, : Beare te i « | : 


iimake yy, = m(a—2,), 


z which i is the equation required 


Note. This form of. the equation to-a line i ig called the . 
point-slope. form. - te 


59. Line through two Points. Let oe We Qs Yo) 


a be two points and let PQ be inclined to the x-axis at an 


angle 0, Fig. 39. 


- Then, slope of the line PQ=m- tan 6 52 oa. Y2 ~Y, 


| oe 

7 (the slope can be obtained, . ns Pant ' ben, fe 
even without a figure, by ey, oe ca ee (Fey 42) 
application of Art. 28). | re 


Therefore, the equation | to 
the line passing through 
(%,,y,) and having the ee : 
— is, by Art. 51, ae 
Y~ 91 Yor 

BB Wyn Ey 
ne y= “G1 91 — Yo 

(Gh yy eo 
both being, of course, identical. 


Tet ox (Fig. 39) of | 


Note. This form of the equation to a a ate lind i is called the 
two-point form. (As a corollary, it follows that the equa- 


“yfe= 4/2, 


53. Alternative Method. The result oe the precoding 
Article may also be established i in the following manner : 


| The slope of the line j joining the two given points j is Yo ~ Ih, 


hy - Xy- 


9 


ny is 


= ie —  &—2y+38= 0. 
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| if (x, y) be any dint on the line, the slop3 : is 2 =. 


7% 
But the slope of the line j is the same by whichever x method 


| obtained ; 


: 9-9; ty Yas Ys 
“G-%, Lyr Oy - 
which i is the equation required. (Vide Art. 98, Cor. 2 


> 


Another method is'to assume the equetion to the st. line 
through the pone as | 


: ee ee ee ee ) 
This passes through (21, yy) ("a> Y2); therefore - 
YW == MX, + C. searerece se eeee — a 
Yg= ML +. - eae eae .(3) 


Subtracting (2) from (1), and (3) from. (2), we obtain 
LA y= =m(%-2,) and y,—y2=m(% - Xo) 5 
(y - -¥;)| (a= ©) = (Ys - Y2)/ (24 - — 23). 


| Beample 1. Find the equation of a line through (1, =e 


and gradient 4. 


“Ve. 


‘The equation. is. Ge - 2)/(% - 1) =3, 


— Example 2. Find the equation of the line joining the points 


| (-1, 3), (2, - 2), and find the ‘points aut vee the line cuts 


tae co-ordinate aees. 
pm 2 oe 342 
~e@p-l = 1-2 


5 
| The equation to- the line i ig ——. waar tae 


ie. 3(e- 3)+5(e+1)= 0, or 5x+3y - 4=0; 


To find where the line cuts the x-axis, put y= =0; 


-wehave s«'«.—«s—s Sa —-4= -0 or #= 35 


that i 1s, the line cuts the x-axis at the point (GF; 0) | 


Similarly, by putting os “0, “we find that the line ¢ cuts the | 


y-sxis at the point (0, 3) 
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Example 3. Find the equation to ‘the line through (= = 8 3) 7 


— making intercept 7 on the y-axis. 


Since the intercept on the y-axis is 7, ‘the equation is of 


: the form y=mxz+7; but the line passes through (-2, 3); 7 
7 therefore 3= —2m+7 which gives m=2. 


Hence the equation to. the line is y=2y+7. 


Example 4. A(-1 , 6), BO, 2), O- —3, 4) are vertices of a 
triangle; find the equation to the median through A. 


D, the mid- point of the join of B, G3 is” 


(GR) & a 
= ieee a ae -6_ 6-3_ 8 
| i The equation to = is. ys i-1 Eg 
or BY w 12 — 34-3, 


Le. - Ba@+2y- 9=0, 7: 
‘That is, the equation to the median through A is | 


3a +2y —-9=0. 
. | Exercise XII | 
1. Find the equation to the straight line having _ 


~~ @y gradient « 2, intercept on the y-axis 3. | 


(2) gradient 2 intercept on the y- axis -2. 
(3) intercept on the y-axis — 4, inclined to the x-axis at 60° 

_ (4) inclination to the x-axis 135°, passing through (0, 0). | 

_ (5) gradient -3 and passing through the origin. 

(6) intercept on the y-axis 5. and inclined to the X-axis 
at an angle of tan ys. a a ee 

2. Throw the-following lines, whee necessary, into the 
gradient form and. find the aOR? and the ame aad on the 
y-axis in each case : | 

QM yetett;. 22) y=3e-9 (3) 9¢5e—11 

(4) 2y-+Te + 10= =0 os (5)ax+hy=c . (6) e=lytm. 


we 
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3. Find the condition that the following pairs of equa- 
tions may represent identical lines ; a 


(1). 22+ 3y+c=0, 2a+3y+5= =(), 


(2) axz+byt+c=0, letmy+n= 0. 
(3) z/a+y/b= 1, y=mzt+eo. 
(4) y= = M2+C, petqytr=0. 


(5) 2 COS w+y sin ol = Dy at+-by+e= 0. 7 a 5 
_ (6) la+my+n=0, (B8e+4y+6= “0, oe e. - 
4. Find the equations to the following straight lines : 


(1) of gradient 3 and passing through the origin. 
(2) of gradient -—.4 and passing through the point (2, 1). 
(3) of gradient 0 and passing through (3, - 5). 


(4) of inclination al to the a- axis and passing through, 


the point (1, 5). 


(5) inclined to jthe «- axis cat 120° and passing through 


(-4, 7). 


(6) inclined at 150° to the 2-axis sand passing through 


(2/3, ol). 
(7) passing through i 
on the y-axis. 


(8) passing through 3, (6) anid d making intereept - 15 on 


the Y-axis. 


_ §. Find the cen to the st. lines joining the follow- 


ing pairs of points, | 
0) (0, 9), (3, 4) ae 2, 4, (,-2) 
6) ie 3 r ’ (8 39. 2) o (a Dy (b, a 
(8) (at,*, 2at,), (at,*, 2aty) - ba 
(9) (@ cos 6, a sin @), (a cos 2 O54 asin $) , 
(10) (@ cos @,, 5 sin 61), (a COs Og, 6 sin 6) 


6. Find the equations to the sides of the triangle : formed by 


a) a, 2), (4, 4 3, Be (2) (2, 5), C= 3), (= 1, ees 


1, 4) and “making interoept - 3° 


©) 0,2),0,8) 


EQUATION TO A PARALLEL LINE = gQ_ 


7, Find the equation to the line through (4,-1) and 
bisectiug the join of (1,—2) and (-3, 3), and find the 
points at which the line meets the axes. ~ 


8. Find the equations to the medians of the triangle 


‘whose vertices are 


“()@1), (2), (-2, 4) 2) (4,8), (8, 8), (GD 
9. Find the equations to the sides and the medians of 


‘the triangle whose vertices are (i, - 5), (2, 7 ); (6, 3). 


54, Parallel Lines. We have already seen, in Art, 26. 


. Cor., that the slopes of parallel lines are equal ; > and con- 
‘ versely. Hence, it follows that the lines | 


oe y = =Mx+C, y=mete" 


are e parallel to each other and both are parallel to yma, 


which is a line through the origin. 


Tf the equations of the two lines are even in the form 
ax+by+c=0, a ‘e+b! yt+c’=0, 


the condition that they may be ae is obtained | by - 
equating their slopes ; ar 


i.e, cae - a/b= ~a'/b’ or said [o'. 
- This condition may also be expressed as - ey on 

‘és ala’ '==b/b' oras ab’ -a’b=0.- a 

Cor. The equation ax+by=0 represents a line Uhrough 


| the origin,. parallel to ax by +o=0, 


55. Equation to a Parallel Line. Ib j ig easily’ varified ae | 


ee that the equation to a, line parallel to ax+by+c=0 isof -. 
_y the form ax +by+k=0, (k being any pentane sincs both 
oo OF them are parallel to ax +by=0. 3 - 


“If it be. given, in addition, that the parallel. line. passes 7 

| through the point (2, 4), the value of k can be computed .— 
- and the equation to the parallel determined completely ; 
_ for, expressing analytically the condition that the parallel 
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et through (21, ¥,), we 2 get Po ie 
& “which gives =- eee 


~ The equation to the parallel line is thus © 
ax + by = = an, +by, or ale— — 24) + Oy - - 3) =0. 


Alternatively, the eguation- may be derived by making | 


use of the point- -slope form of the equation to a st. line. 


- For, the parallel line has the slope - -a/band passes through | 


(x, y,)sits equation, therefore, is (y- —y)|(@- %4)=- ai 
Or alae - a1) +0(y - -4)= =. 


Enampte 1. Find the equation to a st. line through a, 1) 


“parallel to the line 2x +3y =7. , 
The equation to a parallel line being n+ 3y =: as thee con- 
- dition that this should pass through (1, A is that 
— 9.143.1=k, whence ke 5. . 


*, The ° equation to the line through a, V . to 2x+3y=7 


ta 2 Qwe+3y=5. - 


Reample 2. Show that the join of @, -2), (-1, mie 08 l 


to the lune 5a + 2y - -7=0. 
The slope oS the line joining the given points is 


B42 2 5. 
| ae oS Vol 6 22. ¢ Sg, 
“Throwing the as equation into the slope form, we get 
y= = fats 29 : 


‘which shows that the slope. of the given line is =." 


Hence, the line joining, (1, -2), (= - 1, 3) and the line. 


— Bat-2y- or have: the same bea . they are, therefore 
i parallel, 


eample 3. “Find the es a the olin - trough 2, 3 a 


parallel to the jom of (2,- —5), and _ De ee we eas 


\ 


EQUATION TO A PERPENDICULAR LINE 7a 
The gradint of the join ef the two a points is is” ou 


.. The equation to aline aan (- -2, 3) san bra 
3is , (y - 3)=3(% +2) or 3¢—-yt9= | | 


56. Perpendicular Line. It has been shown, in Art. 


| 30, that if two st. lines are at right angles, the product of 


their slopes is - 1, and conversely. — Hence, the two lines. 


: y= = mane and y=m'x+c' are ab right angles if 2 


mm! = -1, or m! = - 1m. : 


- [Note hat C,.0's intercepts on the y- axis, ‘do not enter into the 


| condition for perpendicularity. J 


So if a line has equation y=m% +c, any line perpendicular, 


to this will be of the form y= (— —1)mye%h, where, kis any — 


constant. 


If the equations ts the lines be given as 
ag+by+c= =0, a’2+b' yte'=0, 


then the condition for perpendicularity is is readily seen to be 


(- a/b) x(- Su Le ae - 
ie. a fs 2 BU or aa "+pb' = 0. 7 
Note. The slope of a line 1 to ant by+o=0 is b/a. 


57. Equation to a Perpendicular Line. The student 
can easily varify that the equation to any line perpendi- 
‘cular to aw+by+c=0 is bx - es k, wee k may. be any 
constant. 


oe hi any other condition ae the icscteialid be 


- ~~ given, the constant & can be evaluated and the equation 
to the perpendicular completely determined. — 


| Thus; if the. condition be that. the ‘perpendicular passes wal 
‘through a@ given point (2, Y1)> then expressing | the condi- 7 
tion analytically; ¥ we have ba, - = oe 
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which gives the value of ks “hence, the equation to the | | 


perpendicular j is | is 2 
«be - ay =bar, ~ ay, oF (a - 2) = aly - oe 
This equation may also be derived by writing the equa- 


tion of line through (a, y,) in the form y- inter 24), 


where m is the slope. | 
If the line j is to be 1 io ax: PE aes 0 its ialops is bya. 
Hence, the equation to the perpendicular i is 
(y- = (% - 2%) bla or O(a: = %)=aly - 41). 
Example 1. Find eit of the following lines ¢ are at right 
angles : « , 
2x +3y+6=0, By =2y +1, 4+ 6y= 18, _ 
When thrown into. the slope form these equations become 
| ys Be 2, “y=3a- 4, y= —3a45 
thu showing that the first and the third. ine: are parallel 


; and that both of these are Perpendicular to the second line, 


Example 2, “Find the equation to a lie rhea (1, 3) per- 


| pendicular t to (1) y= =2e+9, (2) 3x - byt4= 


@) The slope of |the ‘first line being 2, that of the 1 is 


-%; and since the L passes through (1, 3) its eatation 1 19 
(y- 3) = -3 4(x-1) or t+ 2y—-T=0, 
“@) Any line 4 to 8 —5y44— =0 is of the form 
* ‘bat By=h; 
if this passes through (1, 3), we have . 
(80.143.3=h, or SE 14, 


Hence, the equation to the line + to 3x - -5y-+4—=0 and 


passing through (1, 3) is 5e+3y= 14, 


Example 3. Find the equation to a Tine Perpendicular to 
Batdy+ l= =0 and making. an intercept — 2 on the y- ais, 
‘The equation to one a is of the form fe “By = =k 


ia 
5 i] bi. 
| : 


| Slope of the j join of (- 1, ‘1) and. (5, —2) is 


to the z-axis at angles — 
6, @’ respectively, Then = 


_ two lines is ‘( Fig. 40) 


_tespectively parallel to 


ANGLE aah lead a 7g 


Since the 1 makes intercept - % on the y-axis, the point 


(0, - %) lies.on the 1; this oe the value of ka as, on 


4.0-3.(—2) ‘or 2... 


The equation to the vorpéhaicuar is, therefore, Aa — 8 3y=2. 


Alternative Method. The slope of the given line i is -3 
and hence the’ slope of the perpendicular. is $. Also the 
intercept of the perpendicular « on the y-axis is = 2 a 

. equation to the perpendicular i is 93 ae - 3. 
or dys 4-2, | 


~ Example 4. Find the equation to a line through (4, 1) and 


| L to the joining (1, 1) and (5, - 2). 


14+2 
~1-5 


: . slope of the Lis2. | tae 

The equation ue the line sues (4, 1) and of slope 24s 
y= 1=2(2—4) or —Yy=2e-7. a | 

58. ‘Angle between — Lines. ‘Let y= = mae, : 
y=m ‘+e’ be the equations to two given st. lines, inclined 


v 


tan @=m, tad @’=m’'.. | 


The angle between the 


(0’ —@). [This result could 
be obtained even without. : 
the aid of a figure; for, | 
the two given lines are 


- (Fig, 40) 


y=mx, y=m'x. both of which’ Passes Wceags the origin,the — 
first inclined at @ to the x-axis, ‘the second at 9’. “The angle 


| between the latter pair of lines, namely, 6' = 6, is equal: to: 
- the angle between their parallels y= Piven and I y= ‘e+e. 


10 
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- Knowlng m,m' -we can find @, 6’ (by referring to Tri- 
gonometrical Tables, if necessary), and hence we may find 
(0’ — 6), the angle between the two given lings. 

Alternatively, we use the relation - oe ae 

tan 9° ~tan 9 ae m' -m 
ADAG S mes “1+tan Q’ tan 8. T+mm’’ 
feet which: we can find CH - 6) ), since m,m’ are. ienowne: 
If we denote the angle between the lines $, then | 


mm!’ -m 

tan 0= ~tan. n (9 - ose 

opt. aed -) MM 
or ae tan Tae 


a symbol which means that ¢ is such « an angle whose tan. 


gent is (m' -m)/(1+mm'), 


7 Corollary. As an immediate corollary, we find that | 
when m—m’,@=0, that is; the lites are parallel; and when 


mm' = —1, tan p=ce, so that ¢=90°, that is,:the lines are 


at right angles. These results have already - been establish- 


ed by more direct methods. 


59. “Angle between two lines : : Coaceal Fern. If Sie 


equations to the two lines be given in the gonoral f form,’ 
oa ax-+by+c= 0; a ‘a+b'y+e' =0, 
we know that the slopes of these lines are -a/b, —a’ a 


, —a'/b’ —( -.a/b) bi -a'b. 
therefore, - tan $= “TH-@\(-ai (=a [°y =/8)~ aa! sa OO Ou 
ab": -a ‘BS se 
=I: 
2 9= = tan aa’ +bb" 


one result ¢ can be ¢ expressed i in words thus: = 
difference of cross products | : 


: tan=}. en 
: ar gum. of direct production ~ 


ron this; as a potollary, it follows. that. ihe oo ate 
parallel. if ab! —a'b= 0.and perpéndicular: if:.aa’ bb" =0, 


a -Tesults, which have alia. been deduced i in. Arts 54, 56. 


- the lines to the #- “axis is evidently Oto and that o the 


| Their aldpod & are tan (6 + “= = 


| and tan $180° oy - oes tan (0- - a) = 


| inclined to the line y=mue-+e at an angle o are, 


aif h k) be the point. of. intersection of the. two st, lines "a> 4 
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60. Lines inclined at a given Angle toa given ‘Line. 
Let y=mx-+c be any linevinclined to the x-axis at an angle 
6; through a given point (a, y;) it ig possible to draw two. 
lines, in general, making a given angle , with the line 

y=mz-+c, as indicated in Fig. 41. The inclination of one 


ge 2 as ga ace pf a Ett 
PTAA PRES NIP ROR Fy Nn re FeO A SITES 


other is aoe — (c« - 6). 


Fig. 41) 
tan 0 +-tan ee’ = tebtatl" 
l-tan @ tan q = = m tan x: 


tan @- tan ov 
| 1-+tan 6 tan ow " 
| _m- tan : | 

~ Tm tan a 


Ba a ore Re i tn 
a erence Ae Ann Soc A AGLI TONLLN OT ET HCH 


Hance: the agudtions to the two jiee throgh (2t,, y,) ) and | 


Yr 4. mttane 4 9- “Yi__ m-tan a. 
| GLE Sook acy) Ear EpUpe puree 
L— Xy- ad -mtanqw - ra id +m tan O° 


61. Intersection of two Lines. The method of finding 7 - 4 
the points of intersection of any two loci has already been ~ 
dealt with in Art 12. Following that method we see ‘that, 


ae+b y +e, =0, 


aes yte=0. | 
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then (h, k) should —_ both t the eer. that is, 
- Solvitig nie ra ae, for “th 8, we have, by the 
usiibh Rule of Cross- multiplication, - 
he — bye4— 9g Ost me — CoQ, 
a,b, - ae ab, u,5, - ab, ia 
which determine the point of intersection. 


> k= 


Corollary. If a,b,-a,b,=0, the co-ordinates of the. 
point of intersection are infinite that i is,the lines are parallel, 
and, conversely. This result agrees with that of Art, 54. 

Example 1, The points A(2, 5), B( —-2,. 1), C(4, —1) are 
the vertices of a triangle. Find the equations to the perpen- 


diculars from A and B on the opposite sides and obtain from 
them the co- ordinates of the ortho-centre of the triangle. 


The slope of the side BC i is. = = = es ; 


slope of a from A on BC is 3, so that the equation to 


the 4 is Y- 5) =3(2 ~ 2) | 
or BB ey 1l=0....... ‘vivedaese(T) 
‘Similarly, the slope of the side CA is 51 or -3;. 


*°. slope of the 1 from B on CA is i, so that the equation 
_ to the ai iol is (y—1)=}(x+2) 


oF te ag BS 3yt+5=0, iad ectiv oanes(2) | 
The point of intersection of (1) and (2) is the orthe- centre. _ 


— (1) and (2), we have x=1, y=2. | 
*. The co-ordinates of the ortho-centre are (1, 2). 


Note. | The centroid G of the. triangle ABC is (¢, 8). Hence OG 
divided internally i in the ratio of %: 1 gives the Nine-point. centre 
N, and divided externally i in the same ratio gives 1 the circum-centre 
S.. We-can thus obtain the co-ordinates of the Nine- pelns eentre | 
and the circum. centre of the given triangle, _ 


Example 2. Find the angles of the triangle whose sides 
are @+2y+1= 0, 3a - -~y=0, 2¢+y+3=0, er ae: “eta, 


ae tangents. of the three angles of the eee are +7, 
» £2. 
- A is the greatrst angle (acute or r obtuse), then B ad C 
are both acute and 
| tan A| > [tan B | or | tan.0 |. | 
” Hence the two numerically smaller of the tangents fix B 


. andc. * 


Thus" tan Be +4, tan C= A, 80 that 
 ~B=36°52’, = C=45°. 
, A=180° - (36°52’ +45°) = 98°8’, 


~The angles of the triangle are therefore 98° 8", 36°52" 45° : 


Exercise XIV 


1. Test the following pairs. of lines. for parallelism ane 


perpendicularity, and when the lines are neither parallel, 
nor perpendicular, find the angle between thm: 
(1) 2e+y+1=0, 42+2y+7=0.. . 
(2) 4e+3y+2=0, 3x%—4y—1=0. 
(3) y=4e+3, 4y+a=9.: 


(7) x+5y+7=0, 10y=3 —2a.. (8) #=3y+1, seth. 
(9) Te+5y+3=0, 5a—7+3y=0. | 
2. Show that the j jou of o ] 2), (3, “4 ‘is parallel to the 


line «—- -y+1=0. 


3. Show that the line Jomine s(- 1, 4), (2, - ~ 3); is paral) 
to the line 77+ 3y = ll. 


4. Show that the line | joining (0, 2 (- I, 9) is , : 
. cular to the line +2y=3, 


* The author is ‘indedted to’ Mr. A. A. - Ktishndewanny Tyengar _ 


for suggesting this method.’ 


INTERSECTION OF TWO LINES — 17 


P 
Bt 
a 
an 
7 
Re 
ae: 
ei 
an 
By ii 
an 
mt 
ns 
ee 
xi: 
a 
} 
Bie 
: E 
m 
E 
Mi 
q 


(4) x- 8y+4=0, Cree 
(5) Te+4y=7, 4a+Ty= “5. (6) $y -x=1, Dy +2 -3=0. 


| 7 8 ELEMENTARY ANALYTICAL GEOMETRY 


ae Show that the line joining: (-4, % 5), (2, - 1s per- 


pendicular to the line 12x+8y+5= =(. 

6. Find the angle between the join 4 (- 28. _ - 2), 6, 4) 
and the line x —3y+7= =(. 

7. Find the equation to the ifs through 6 2) and ] to 
the x-axis. 

8. Find the equation to the lino r to a= ay and passing 
through (4, 3). | 


9. Obtaing tho equation to the line I to ba -+3y = 7 ana | 

_ passing through (—1,-2).. a 
10. Find the equation to the line through (1, 7). i | 

to the tine rt+y=0. _ 
il. Find the equation of the line © through (- 2,5 5) paral 


to the line 4% — —Ty= 8. 


"a - 12. A st. line i is drawn through 8, 2) perpendicular to the 


line 3x - Ty=4; find its equation. - 


13. ‘Find the equation of the line through (2, 5) perpendi- a 
_ cular to the line 4a+y=0. a 
14. Find the equation of the line through G ‘ -i) i) and | 


perpendicular to the line 52 - Qy +3= =. 


- 15.. Determine the equation of a line through oe 8). and 
| perpendicular to the line 6a+y=5, and find the points at 


which the perpendicular meets the axes. 


16. A perpendicular i is drawn to the line 22 - yb =0 50 __ 
as to cut off an intercept 4 on ‘the oe “axis; find the eaucter 7 
to the perpendicular. | ee ae 


a ye Find the equations to the st. tinida throu oh the origin 
inclined at 30° to the line jaining (1, 3), (5,.7).. 


18. Show that. the equations to the st. ‘lines passing 
| through (3, —2) and inclined at 60° to the line v satya. 
are alee =O and. y- er Ps 
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19. Obtain the equations to the two st. lines which pass 
through the point (2, 6) and make an n angle a with the - 


ie st. line y= 2e+5. 


20. Calculate es tauionts of a oa of. the triangle 
whose sides are the lines 2x- by 5=0, ba -y-3=0. 
a+y+5=0. Also find the angles of the triangle. 


21, Find the equation toa line through " a and 1 to 


the j join of. (1, - 6), (- - 3, 3). 


22. Obtain the equation to the line. Gea {2, 2) and 1 
to the join of (-1, - 4), (3, -2); also find the points at 
which the perpendicular cuts ‘the co- -ordinate ax 8. 


23. Find the equation to the line through the point 


(-4, a and L to the line. joinining (10, 3), (-8, -5). 


24. A(6, 4), | Bis, - 3), c(- 1, 2) are the vertices ofa aa 
angle, find the equation to the altitude drawn from A. 


25,. Obtain the equations to the altitudes of the triangle 


7 whose vertices are (I, —3), (2, 5), (- 1, 4). 


| 26. The points “A( 2 3); BOS, 4), C3, -2) are vile vertices 
. of a triangle; find the equations to the perpendiculars from 


A and B on the opposite sides’ and obtain the co- “ordinates 


of the ortho-centre. 


27. Find the ortho- contre of the triangle whose vertices 


. are (~1, 4), (1, 3), (2, 7). 


2B. Show that the ortho- centre of the tingle ened cd by : 
/d, 5), (-3, 1), (3, - 1) lies on the 3 y-axis, re A ee 
29, Obtain. the co- ordinates. of the ortho. contre’ ‘af f the 


triangle formed. by the points, (- 6; ~ 8), { ‘d), (=6, 5). 
30. Find the co- ordinates of ' ‘the: ortho- centre of the eo 7 


As angle whose vertices: are 6,2 ) (- ‘1; ‘)), @, a 
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‘CHAPTER Vit 
The Straiget Line - (Continued) 


62. latercept Form of the Equation to a Straight 
Line. Let AB bea straight line intersecting the co-ordi- 
nate axes at A, B making OA=a, OB=), in =e and in 
mreeeace: (Fig, 42, aa | 


: ‘This siqaality is true, ee oth ‘the sign a 


magnitude of the ‘quantities . nvolved, in respect of both 
the figures and for all poe ble Poe i ions of = Further, | 
| OA=a, OB=8, -  % a 
MPey, MA =MO+0A=~ OM+0A=- <p 
Substituting these values i in the above equality; 1 we obtain: 


YiO-@ ty 
so a that. ere alaty/b= 1, eau eS 


which i is. thus the equation to the line AB cutting off inter- 

cepts a and d on the co-ordinate. axes: ie 2 
The above form of the equation to a st. line j is called the 

intercept from. i i See 


36. Alternative methods’ of deriving th the iced 
: Bega The result established in the preceding Article 


ae derived i in a variety of other wave some of which _ 
_are. indicated below. 


ae “Lhe sum of the. areas of ‘the is OAP, ‘OPB, 
taken with their proper sign, is equal to the area of the 
aie OAB, gothat.. z= on Og os 3 
ee ee rt 

| whence a ‘ si — tfatyfbal 
| aa The line AB makes an intereopt b on he: y-axis aa 
is s inclined to the a-axis at an angle whose tangent i is ~ Bla; 
Fine hence, making use of the gradient from, the © equation e the” 

| — ; st. line ABi is obtained as. 3 


abugueer cc. he. UGPig. 48) Sy: = ft 
Take any ,-poitit P(x, y) on the’ line AB and let MP be ; eg 
the ordinate. of P:so that OM=xz,MP=y, ~ | | : 
From the: similar triangles AMP, AOB, we have 


_MP_ MA. 
OBS OA 


ye abetd or ayy Yel. 


4 ce We may ‘also make 1 use of the éxo- »-point form of the 
; ~ equation to the line, since. we. know that 4, o, (0, b) are 
7 - points: on the line; this gives the equation as” 


il 


rn er: 
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-b._b-0 
me : ara are aly - by vte=0, 
i. SG ‘zla+y/b= = 1. 


4, If (2, y) be any point on the Tine - AB, the é area x the 

| as formed. by. (a, 0), (0, ), (x, y) is 0, that i is. | 
Bab = y) +0 (y- 0) +2(0—) J=0. 

or ae ~ay—be=0, i.e. zla-+-y/b= 1, 


64. Reduction to Intercept Form. If we are to and 
the intercepts made by any ‘line on the co-ordinate axes, it 
is only necessary to throw the given equation into the inter- 
cept from; we can then “réad off”, as it were, the intercepts. 

Thus, if the given line be at by +e= 0, the: sane 

e . Y 
(ejay, = fb) — 


form | is 


wheres the intercepts on the w- cand Yy-aXes are res eapoctively : 


- cla and —¢]b. 


Example 1 Find. the equation to the. st. line ‘making 7 


intercepts —3 and 4} on the co- ordinate axes, 


| stank | 


Be - 2y+9=0. 


Example 2. Find the intercepts on the ¢ co- ordienate axes 


| ‘The equation is. : 
| lich simplifies to 


made by the line 2a —3y -4= =0. 


Throwing the given equation into the intercept f form, we 
oe “whieh it is. readily seen that. the. intercepts | on. the 
“axes are 2and - 


| Example a. “Find the eaiiation t to he: + aaroigl line which: ; 
: passes through the point (3; 4)’ and which is such that the 
| portion of the. Tine Befwoes en. the ames as s divided ye the pe, 


: aoe i m. he. ratio 2: “he 


- the a-axis at (a, 0) and the y-axis at (0, b): ‘The eo-ordi- 
‘nates of the point dividing the line j joining these two. points 
‘in the ratio 2 2:1 are (a/3, 2b/3). 


> ‘so that os a=9, b= 6. | a? 
| Hence the equation to the st. line is. “f+y/6~ 1. 


SD. ae intercept = - 2, 


ae awe 
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-! 


‘Let the equation of the fing be vja+y| a; This: mibabe | 


‘If this eoineidae with the point: (3, 4), ), we en . 
a= =3, (20)33= =4,. 


- Exercise XV _# 
i: Find the equation to the st. Aine: “determined by the sa 


: following data: °— | oe 


aE «intercept = 5, y- Siaenn= 2.” | 

_ y-intercept = Bh. - 

3. -0- intercept = - 3, _y-intercept = —h. 

4. s-intercepti= -6,  y.intercept= =2\/ 3. 

5. x-intercept=p. sec «, - y-intercept=p cosec ole 
6. Slope=3, _w-inrercept = = 2, 


: - 7. Slope= -de, intercept= —6, 


8s “Passing through (2, 8) and making on the co- cornet 


axes intercepts _ which are (i) equal in sign and in | magni- 
tude Gi) equal i in. magnitude but opposite in sign. 7 | 


9. ‘Passing through t- - 1, - -8) and d having the X- vinden 


| thrice the y-intercept. 


10. Passing through oe -3, 4). a making 0 on 1 the cO- o-ondi- 


- nate.axes intercepts in the ratio 4:=-7, 


i ‘Find the equation. to a ‘st. line which par SOS s thiougi : 


the point A(3, 5) and is ‘such’ that the ‘sae in eronpted| bet- ‘ 
ween the axes. is bisected at..A. he 


12: Find the equation to: the’: " Ame: shioh passes sdinonek 


a =3 -4) and i is such that the portion. of it between the — 
i: co- -ordinate axes is: divided at the. pout in the ratio 3; a 
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13. A straight. line passes: through Q, 8); when the inter- 
cepts on the axes are interchanged, the line pees through 


(le 3); find the equation to the line. 


14. Find the intercepts made on the co- ordinate axes s by 
the line joining the points (1, Y1), (%es Ya)> - 


15. Two straight lines are such that the a-intercept of one 
equals the y-intercept of the other, in sign and. magnitude, 
and vice versa; show that the locus of the intersection of 

the two lines ¢-y= 0. | 


65. Normal Form of the Equation. to a Stesigla Line. 
Let AB be any st. line cutting the co- ordinate. axes at A » 
- and Band let ON be the 1 from the origin to the line; 

let ON=-p, w=the angls: which ON makes with the 2-axis. 
‘Let P(w, y) be any. point, on AB, and MP the ordinate of P. 
(Fig. 44, 45). 


“(Rigs ABY fe gn oe om ATS 45) 


a the angle between the eae and the Yy-é i is. 
90° Os while in the later. it.is a 90°. Note that ‘the he 


ad cosines: of these angles, however are equal, | 


"Now, by Art. 5, the projection of OP on:the sling ON — 
— aa sum. of the. projections. of OM, “ME'o on n ON, . 
Ce ee ON=OM 008 oct MP cos (90° - =) 

ae oe we pee cos 8 oy. 008 00° oat 


Iti is. -Teadtly. seen that i in the former figure 7 


, “ie. ; 


oS - their slope is —1; that is, 
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OR 38, a at g cas. why i gin =P, Doe 
| which i is the eqs equation to the line AB. - 
. This form of the equation to a. straight] line is called the. _ 
perpendicular form or the: normal form. — 


66, Normal form : Alternative Methods. 2 Other 
‘methods of deriving the. equation to a st. line in une i 


pendicular form are given. below: 


1. Draw MQ. “1 to ON arid. PL 1 to MQ.. Thon, in Fig 
44, the angle PML = = Ol, : 


4 ON= 0Q+QN=004LP 
- p=x COs ty sin OLe 
In Fig. 45, the angle PML= —180° — Ol; and er 


i : tha ON is the negative direction of the perpendicular, ee 
=0Q+ QN= - OM cos (180° - ~ o) +MP sin — - - ot) 

je. | oS pra C08 ty sin gw. 

| Hence, in both cases, we obtain the equation as 


— LCOS A TY sin x= Pr 
ae ‘The co- -ordinates of N are (p COB of; p sin a + 
4. the gradient of PN is (y-p sin o)/ es - p COS sa 


; Also the gradient of ON i is tan «. 


“But ON, PN are right angles 5 ; hence the pot of 


Pays pina sin 


%= P COS a COB-cL” se) 


| which simplifies to y sin w - p sin? y= — - % GOS 8 a+ p Cos? oe 
“or | | - 8 °C08 wy sin =P cos” wtp sin® oy u =p." ; 


3. “From the right-angled triangle ONA,, “we have’ 
~OA=ON sec AON=p sec «, ‘in Fig. 44, 


ie at OA=-ON sec (180°=a)=p BEC of; in. <7 455 ; 
| simian C OB= oe sec e NOB =p sec (90° = ot) 2 


= ae cosec oly in ig 4, 
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OB= -ON sec souNOBEp sec (a = 80°), 7 
| oes _ =p Cosec' wz, in Fig. 45, 
Hence, OA, OB s being the intercepts made by: the. line AB 
on, the co- -ordinate axes, the equation to AB, in. Bbopn the 
Cases, 3 is ale sec ow tylp cosee yw) =1, 
or . : Ps: He cos ty sin =p. ae 
A. Le ot OA=r ane _ ZAORS = then ,PON=a- Or 
Fig. 44, But OP cos ea y oo 
a pela 0)=P, ~ 
or r-co8 « CoS 9+ sin « sin O=p, | 
or 2% COS aty sin w=p, since Y=1 COs 0,y=r sin @. 
| - With slight variations in: the. intermediate ‘steps, ‘the 
, final result i is true in-the case of Fig. 45 also. FD 


Reso BAX =00° tee ae that the cor of ABI is 3 tan (00°-+ a2) or 
—cot wz ‘ 


eae oe y= — 2 cot atp. cosec Oy 
whence G08 aty sina=P.- - oe 


a7 


: cise for the student. 


eee AOAB= AOAP+ AOPB, 


a bets — 10A.0B=}30A.MP+40B.0M,. 


or Pp sec P COsec: == P SCC ot yt+p cosec oe te 


af multiplying throughout, by (sin o cos Lee 


on H cos ty sin =P. BO EE 


to a st. line as ax +by +e=0, it may. be required to throw 


it into, the  pormal fi form. ae 


5. Referring to Fig. 4 44, the length OB i is p Cosec < o and : 


. The equation to the line ‘AB, “using the gradiont form, is = 


The. proof « of this i in the case of Hig ! 45 5 is left a as an exer- ee | 


6. Considering the areas, with: ieee proper signs, we Ae 


arn Reduction to. Normal Form: igen the equation | 


NORMAL FORM a ee Q7 


‘The normal form of the. equation t to a ine boing of the | 
type. “ee -@ COs ty sin a +p=0. ey | 


_. we have to and the values of x and p which will mak the 


two equations ‘represent identical lines. The sondition for 
this, by a 46, Cor. 2, is that 


a ls 64 me 
Sa bo ar (say), 
ans COS ol RIN ean 15 oa ee eet: ates | 
sothat § a= “1 COB ox," barr: sin of, | gees be nh ca 


XK 


: e avert hus giving ; 
-C 
PY Crea sin a= Vere)’ P= 7 Cre 


COS “= 


Thus the normal form of the piven equetian ase + by e=0. 


b. oe SESE Res, 
Ter” uy, Crake Ta a+ Vera 
athere is, of course, ambiguity of sign before the aan | 


| but, since « lies-between 0 and 7 the.walue of sit q:is.ad- 
ways positive, so that.the positive or negative.sign is to be 


prefixed to the yadical according as bis positive or negative. 
- Note. Itis important to remember that when thaequation to. a 


" gt. line is expressed in the normal form, the sum of the gquares of 


the co- -efficients of x and y should always be equal to unity. ee 


68.. ‘Rule for Reducing, Equation to” ‘Normal. Form. 


In any particular case the transformation to the dice 


: 7 cular form can be effected as follows ; 


Let the equation of the line, ste) exprested, that the co- 2 


7 efiicient of y is positive, t be ax+by+e=0, . jena (1) 
| (Tf£it be not postive, it: can be rendered 80 on ‘multiplying 
both sides by —1). ome ee 
areas the re Shronghout by ¥ ue +) ¢ obtaining 
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where the peut ou sign is taken with the radical in horton | 


that the coefficient of y namely b/4/ (a? +6?) may be POMeye: 
The ans form, of ‘equation (1) is thus og, O% 


oy ree +55" + ere = Ver eB) 


The value of « is obtained from the relation tan oo = b/a. 


Cor. ‘The length of the 1 ‘from the origin. on the line 


_ | ax-+by-+e~ 0,(6 positive), is therefore equal to - ¢/4/ ed. 7 


| the psitive value of the square root being taken. 7a 


69. Sign of the Perpendicular, Itis caporane eB 
| pay attention to the sign of the perpendicular. 


‘Let the equation to ast. line, with the coefficient ofy 
rendered positive, be ax-+by+o=0, If in thik equation the | 

- constant b be negative, the origin lies on ‘the egative side > 
of the line. The perpendicular drawn from the o igin on the: 


Khe istherefore, i in the direction “from negative to positive”’ 
that is,'in the increasing direction, and hence, the perpen- 
dicular’: may, in accordence with the convention of Art 2, 


be taken as : positive since it is measured in the i oe | 


| direction; and vice versa, if ¢ is positive. 


we may thus enunciate a convention for the singn of the | 


- perpendicular on a given st. , Mins form any point.: 
The perpendicular drawn. 7 
—toaline form. @ point on ay ey 
the negative side of the a a 
. line ts positive, while that + of 
drawn form a pint on the ++ 
| seanorss side 18 negative, Tot 
With this convention * 
we may say thatthe per- <=. 
-pendicular from. the orign a oe , 
on the line ae + by +6= O:-% « ig. 46). 


(6 pase): Is - os V/ (a? + B ); bothi in sign and i in n magnitude | 
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. The student should note that the perpendicular isa 
eee line-segment. 

Hxample 1, Express in the ne form the os 
tion tothe line 52+ 12y+10=0. | 

Divide the equation throughout by (584 12?), or 13 . 


we have | zat t+ i3y+i2=0, 
which i is in the perpendicular form. 


~ Example 2. Throw into the normal form, the equation to 


the line 20x - —2ly+58=0 and by considering the length of 


the perpendicular determine whether the origin ues on the 


positive or negative side of the line. —_ 
Multiply the given equation by -1. to make the coeffi. : 


cient of y positive and then divide by A (2074212). or 29 ; 
we thus obtain — 550+ phy — $8=0, : 


which i is the normal form of the equation to the, given line, 
The length of the 1 from the origin on the line: is +2, show- 
ing thereby that the origin is on the negative side of the line, 


Example 3. Find the length of the perpendicular from 
the origin on the line t+3y+10=0, and show that the Foot 
of the perpendicular lies on the circle x®+y2—10, : 


Throwing the equation to the line into the norma] form 


we have | i: Vi0* 10" 1/10=0, 


The length of the perpendicular from the origin is — ay 10, 


~The distance of the foot-of the 1 from the origin being 
7 numerically equal to V/ 10, the foot lies on the circle of 
radius /10 and centre at the Pree i, e. lies on the aixels 


x2+y2=10, | 
Hxample 4, Show that the two lines 3x — ~ dy + 15=0 and 


24y—Ta=75 are- equidistant from the origin, and hence 
show that the two lines touch the cirele u% 4.42 = 9, | 


12 


‘ae 
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Throwing the given equations into the perpendicular 
form with the co-efficient of y positive, we obtain | 
- 3u+ sy=3, sett Sey =3, 
showing thereby that the lengths of. the perpendiculars 


from the origin are 3in both cares. The lines are thus — 


equidistant from the origin, 

Further, the radius of the circle 40nd is 3 aa the 
centre of the circle is at the origin. That is, the perpendi- 
cular from the centre of the circle to each of the two given 


~ lines is equal to the radius 3 ; hence the two lines are tan- 


gents to. the circle, that is, they touch the circle. 
Example 5. Find the condition that the line ae ma-+6 


may be a tangent to the cirele x?+ y= az, 


The centre of the circle is the origin (0, 0) whose ecu 
dicular distance from the line y=mr tc is te/V/(1 +m’). 

Tf the st. line is a tangent to the circle this perpendicular 
distance’ “should be equal to the radius of the circle ; 


| that i is, a= te] /(1+m*) or ¢= taa/(1+m*). 


70. ‘Equation to Parallel ee ‘Let AB, CD ieiwe 


= lines ig. 47, oo) and ON, OK, the Ls from the 


(Fig. 47) = (Fig. 48). 
origin. on these lines. It is speius that these two perpen- 
diculars lie along the same line. 


Let the angle which this 


DISTANCE BETWEEN PARALLEL LINES 9]. 


line makes with the x-axis be ~; and let ON=p, OK =p’, 
The equation to AB is 2x cos ety sin w= P, a 

and that to CD % cos aty sin w=p’. | : 
Hence the equation to a line parallel to cos w+y sin ap. 
is of the form x cos ty sin g=p’, where p’ ne the - 
length of the 1. from the origin on the parallel | line. 


- Note. The position of the origin w. r. t. the lines AB, oye au ‘ 
‘determined by the signs of pandp’. If, asin Fig. 47, DP "4 


both positive, the origin lies on the negative side of both the lines 


_ while if they are both negative, the origin will lie on the positive 


side of both. If p, p’ are of opposite signs, the origin will lie bet- 
ween the lines. The'student is advised to draw a separate figure 


for each different case. In figure 48, p is negative and ; p’ positive, 


71. Distance betweea Parallel Lines. 


 Ifxecos wt+y sin w=p, x cos vty sin. «= p' be the equa- 


tions of two parallel lines, it follows from the preceding 


‘Article, that the distance, NK, between the two parallel 


lines (Figs. 47, 48) is (p’ - p), both i in sign and in magnitude, 


| The student should draw separate figures to illustrate the severa] . 


eases that may arise depending on the signsof p and p’, and verify | 


that for all those cases the perpendicular distance measured from 


the first line to the second is (p’— p).. 


If the equations to the two lines be given in the gerieral 


: form, the y should first be thrown into the normal form and | 


the above result then applied. 
Example 1. Find the equation to a line through (x;, i. 


; parallel to the line % cos aty SID = p. 


Any line parallel to the given line is 
# COs ory sin =p", 
std if this should. pass through (x1, y:) then p’ is given by 
% COS ati sin =p’ 5.2 


SO that the equation to the parallel assumes the form | 


2 cos x+y sin LHX, cos “tH & sin Ole | 


directly as t3 
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. An alternative method is to apply the result of Art. 55, 
whereby we immediately get the equation to the line pass- 
ing through (2%,, y;) and || to the given lineas . _ 
 (#@ = x,) cos at (y - y,) SID a = 0: 

as 

lines 5a —l2y4+19=0, 12y- 5a+33 = 
_ .Reduce the given equations to the et keeping 
the co-efficient of y positive in both the cases; we thus have 
| —rst+73y—13 =, - 0+ i3yti=0. 


. The paeandiilae from the origin on the first line is is 


oad that on the second line is — 25. 


The distance aay the two.lines is, therefore, 
istps=4. : 
ihe ai of the sorpéadiguler ¢ can be stand 
> and —$3 by applying the result of Art. 69, 
and the. subsequent a are the same as before. | 


Exercise XVI - 
Find the equation to the st. lines having : 


Note. 


1. 1. from. origin =4, inclination of | to the x-axis 45°. 


2. from origin = — 3, inclination of _L to the z-axis 30°. 


3. 1 from origiri= - - 4/8, inclination of. L to %-axis 120°, 


4. 1 from origin= =21, slope of the 1 equals 7. 

“Throw the equations of the following lines into the nor- 
mal form and find the sign and magnitude of the L from 
ae origin in each case : : | 

—~«§. 8a+4y- 10=0. & 12e- by + 39 =0. 

7, 1504+8y=51. 7 &. 9" -40y = 163. 

9. Find the saanone to the lines || to # cos « ty sin gy = a 
and. passing through | 


(1) (4,7). (2) (-2,-3). (3) jepeaiw, =puinw): 


Find ‘the distance between the ao parallel 


iu a SS ed 3 
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(10. Find the distance. between the followng pairs « of 


| parallel lines ; 


(1) 8a@-4y+12=0, Age —32+8=0. 
(2) 5u+12y+7=0, 5e+12y=19. 
* (3) 15a - 8y+30= =0, 8y—15%+38=0. 
(4) 97 +40y 4+27=0, 9x2+40y = 14=—0. 
(5) 2u-3y+4=0, 4x-6y-5=0. | 
11: Show that the lines 4% —3y+15= 0, ‘40439— 15=0 
are tangents to the circle of radius3 and centre at the origin. 


12. Show that the two straight lines: 3% — Ay +3) =: =0 and 


| 5a+12y+83=0 touch the circle: 9a +y")= =4, 


13. Show that the ofigin is the in-centre of the trianials 
formed by the st. lines 3x +4y = 15, "2 —24y+.75=0, 


- 8¢+15y+51=0. Also find the equation to the in-circle. 


14. - Show that the perpendicular. distance of the origin 


i from the line joining the two points (2, y1)s (Xa) Yo) is 


(%yY2- —#29)/ VU (a, —%2)2+(y, - Ya)". (Vide Ex. XII, Q. 17.) 


72. Length of Perpendicular from a Point ‘ona | 
Line. Let P oc 11) be a point a 49, » 60) 4 the langtli of 


| (Fig 49) | (Fig. 50) 
the 1 from which to the line ¢ COS. oe one sin “P=0. A) 


is required, 
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The equation to a st. line cout i 4) || to the given | 


line is @ Cos ¢ +Y SiN ow — (2%, COS +Y, SIN w) =O. .... (1) 
.. The length of the perpendicular from the origin on this 
line is By COB +H, 8IN x, | 


due regard being paid to the sense of the perpendicular. 
a the length of the 1 from the origin on line (1) is p. 
". The distance of line ) from line (2) ) is 


or = (x, cos w +4, Sin w - a and this is the length of the 


1 from (x, y,) on the given line, 


Thus, if the equation of a line its expressed in the form - 


x cos +ysin w—p=0 the length of the perpendicular to 
the line from any pornt (1, Y,) is obtained by substituting 
the co-ordinate of the point in the expression on the left hand 
side of the equation and reversing the sign. 


Applying this result, the 1 distance of the origin from 
the line # cos aty sin «- p= =Ois p. Note that the exrres- 


sion gives both in sign and in magnitude the perpendicular — 


distance from the point to the line. If the distance from the 
line to the point is required, the sign has to be altered. | 


B.. Length of Perpendicular : Alternative Methods. 


The length of the perpendicular on a line from any point 
_ may also be deriv ed. i in any one of the following eee 


methods. 
1. Shift the origin to the point. es y,); the equation t to 
the line © COS ety sin c—p=9 


changes to (X+2) cos wt(Y+y,) smn an pee: 


where (X, Y) are the}co-ordinates of a point w.r.t. the new 


origin (%,, Yi)3— 
~X cosat Y sin att, cos eine. sin gy — ae 


Shick shows that the length of thé . from the new orig 


| (ty, ta) on the given line 1 is - (2, cos xtyy sin yw - Pp). 


‘ Bee 
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| 2. The distance of P(x, Y,): from the line AB, (Fig. 49) 
is  @a=N'N=ON- ON’. a 


But ON’ =the projection of OP 6n ON 
—the sum of the projections of OM, MP on ON, 
| _ (where PM is the ordinate of P) 
=, cos ty, SIN, 
Hence d=ON - ON’=p- (a, cos vty, sin a 
| =- (at, cos atys § sin «w- P). . 
3. Let OP=r, Z XOP= 6. 


Then ON’ =r cos (6 - ox) 


= 1 Gos @ Cos okr sin 0 sin ol 
=X, COS atyy SIN oy 


re as before, d=ON - ON’ =p- a6 Cos eer sin at) 


=- (x, cos ety, Sin. P). 
4. If MP the ordinate of P, meets the line AB at Q, 


then = MQ=MP+PQ, 


3 7 .~ PQ=MQ-—MP.. 
But MP=y,, OM=z2z, NR= =the Sinai: of Q | 
=(p — X, C08 «)/sin «, (*. Q lies on © coS vty Bin w—- p=0), 
. PQ= (p- 2, cos ox)/sin ony, 
ee (p—-%, C08 w—- Y, Sin o)/sin ox. 


~ Also, the angle between MP, PK is equal to the angle bet- | 


ween the parallel lines OM, ON’, which i is seen 1 to be the 
compliment of «| : 
PK= PQ cos KPM > 
_p- ‘2, COS a — yy sin of | , Koo. \ 
| sine oe 008(90 oz) 


74. Length of Perpendicular: General Form. If the 


equation to the st. line be given in the general form _ 


ax+by+c=0, it must first be expressed i in the ‘sorespon?: 


ing perpendicular form, namely, 


is: (Art. 55) 


| length of the petpenstcalay) 18 of interest. 
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eee gS 
Vato Tarn! Va?+ 6? 


‘Hence, the length of the perpendicular from the point (x,, y;) 


to the given line is —(ax,+by,+¢)/a/a?+0%. 

_ As an immediate corollary of this we get the length of 
the 1 from the origin on the line az+by+c=0 to be 
—c/4/(a*+5"), which agrees with the result of Art. 68, Cor. 


75. Length of Perpendicular : General Form. 


. Alternative Methods, 


1. The length.of the 1 to the line ax+ Byes =) acon 


the point P («,, y,) may be obtained by shifting the origin _ 


to P, when the equation to tle line becomes 
aX +2) +0(Y¥+y,) +e=0, 
or ..—“ sC( aX 4+OY 4+ (ax, +by, +06) =0. 
. The length of the perpendicular from the new origin P 


“a to the line is —(axv,+by,+ o)/\/a2-+b?, (Art. 68, Cor.). 


2. Another independent method is to follow the proce- 


- dure adopted in Art. 73, 4, 


3. The equation to the line through "1, 4) parallel to 
the line a+ by -+o= QO i 
a+ by — (ax, + by,) = 0. 

" ‘The lengths, Dp’, of the perpendiculars: from the origin on 
the above lines are given by - = 
- (ace + by), _ ax, tby, | 


| ¢ 
Pa Tape ea ao 


— But the length of the 1 from Mr y,) on ax+by+c=0 is 


p- P, and is, ‘therefore, equal to. ~Satbnke 


< VA | 
4, The following independent method of deducing the 


ae: 
3 me 
= | 
4 

: 


“p. 
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2B. 


| The length p, of the p is the distance of a» Yo) ) from : 
(24, Y,); 


2 pV Gra eeutaed 
The equation. to the L on ax+by+c=0 from (%4, ¥,) is, 
by Art. 56, b(x — 2) -a(y—Y,)=0. .,...e..008. (2) 

The point , Y>) lies on this perpendicular, ee 
| “. D(a, — 4) — a(ya- yy) = 0. . bai eat tewess (3) 
a Since (2, ee also lies on the aie line, we have | 
AX, + by,+c=0 
subtracting az,+by,+c from both sides of this equation, 
A(X, — X1)+b(y, - y,)= - (a2, POC). siewav eee (4) 


Square both sides of equations (3) and (4) and add : 
(a? +B) (a, —%1)?+(Y2- ¥,)*} = (ax, thy +e) | 


| | therefore, by (1), (a? +6?) p? = = (ax,+by,+¢)?, © 


whence - p= hae ‘3 


5. If P(x, y,) i is any point and ax + by + C= a. any rey 7 . 


line then the area of the triangle ABP is + AB. p. (Big. 49\ 
Ais the pent (-c/a, 0), B is the point (0, — ¢/6), 


ie 68 ¢ (a2 +.b2)c2 
. ABIAE Sy ae 
N ea) 
ab ny 
But the area of the triangle formed by ths points A B ,P is 


4(ca,/b+ cy,/a+c?/ab) or } $0(ax, + by +c)/ab, 


A= 4 


an the two expressions for A, we obtain 


pV (+6?) =ax,4 bx, +6, 


whence p= aa c)f'4/ (att BN) 
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6. . Let (2a, Yo), (ag, Ys) be any two points on the line 
ae +by +e=0, and d the distance between them. The area 
of the triangle formed by these two peat and | the given 
| point (x4, y) i 1S: | : 
31 (Ya-Y vide — X53) + eats- san)h 
and is also given by - relation | : 
A=hpd or 2A=pd. : 
| But since (Xe, Yo), (ag, Yg) lie on ax +by +c=0, we have 
| azt,+by,+c=0, an,+ by; +c=0, whence. 


&@ —_ b _ -e ae ee 
.Y,-Yg=ak, « tg — tty = bh, UoYy- Lgyg—=Ck. 
Substituting these values, the area be comes equal to 

dake, + bky, + ck]. | | 


Also POOR ARR), 
tence met a Mam tom to) ax, + by, +e 
Hence P= "Go kviet+h) VV (+B) * 


Note. This formula gives the numerical value of | the : 


length of the perpendicular. 


-. The distance between an y two set Finos. ax im by be c=0 
and ax+by+e' =0 can be derived by employing the above 


formula for the length of the perpendicular thus: ° 
If (%,, 4) be any point in the first line, wep its distance 


from the second line i is. 
(ax, +by, +e VA (a?- +b!) =(— e+e! V+). 
This is the distance between the two || lines. 


Example 1. Find the length of the. a from 


the point( ~ ~3, 2)to the line 5a - 12y -39=0. 


Making the co-efficient of y positive and expressing the : 


| given equation in the perpendicular form, we get 
| — ¥3% + #39 +3 = ao 


bran Re es CRE ee ae RSE ce ane Bee 
RSG a ae ae Nts RPO CN ae 

Re eee AEE ES RR ste ay ERT ee Ee ee eae 
Dat ‘ é ay oS ae 
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oe length of the perpendicular from (< 3 2) on, this line is 
242 [-a5.(-3)+23 3.2+3]= -6, 

Example 2. Find the distance of the.-point (4,3). from 
the line 8y -15a+2=0, and find whether this point lies on — 
the same side of the line as the origin or on the opposite side, | 

The 1 distance of the origin from the given liné’i is - ~ a7 
the distance of (4, 3) from the given line is _ 


Hones the point (4, 3) lies on that side of the given line 
opposite the origin; or, as we may put it otherwise, the point. 


(4, 3) lies on the non-origin side of the line. 


Hxample 3. By considering the lengths of the perpendi- 


_-culars from (x, Y1), (Xa, Yo) on the line ax + by +-¢= 0, deter- 


mine whether the two points lie on th 
e same side % 
site sides of the given line, 2 = mee 


The lengths of the perpendicular from > fe, Yi); (x, y2) 


on the given line are 


a (ax, + by, +0) /Va?+0? and “(iy + 94-0) EP 
. The ratio of the lengths = = (ay, + by, +6) /(a0,+byy+c). 


. If the ratio of the lengths i 18 positive the points lie on the 
same side of the line, while if the ratio is negative the points _ 


lie on opposite sides of the line, Hence, the two points lie 


on the same side or on opposite sides of 
| the line according | 
as (At, +by, +c and Ate +bYyy+e are of like or unlike rae 


Example 4, Show that the equation to the locus of a point — 
which as at a distance 2uniis from the line (24e4- Ty=35° 


consists of two lines whose equations ¢ are Zor 
and 24a + Ty=85, oe 


«Let (2},%) bea poiitt-satistying the. given condition; the | 
length of the perpendicular from ‘the point (7, wn } on. the = 


oe a 35= =0 is -G 23% + ysy; - 34). 


f 
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But the een ig 2, in ascribes 
~ = Gea teey, -28)= +2, 
or | 24s, + Ty, —35+50=0. 
. Equation to the locus of (x, y,) consists of the two 
lines ss — 24e+Ty+15 = 0. and ue as 


Exercise XVII 


Find the length of the perpendicular fot the given point 
to the given line in each of the following cases: 7 


‘1. from (3, 4) to 3a+4y -5=0. 

. from (1, - 2) to 5u—12y+10=0. 
- from( - 3, 4) to 8% 15y - 18=0. 
. from(1,44) to 24% —7y -5=0. 

. from (—1, -2) to w-3y+5=0. 
. from (3, -2)to 4a+4y- 19=0. 


Ow m wr 


In each of the following cases find the length of t the per- 
pendicular from the given point to the given line and hence 
determine whether the given point lies on the origin side or 


the non-origin side of the line : 
7. from (1, 2) to 4a. —3y +1=0, 
8. from (- 5,0) to 82+ lby+6= =(), 
9, from (1,1) to 2a-y-3=0 
10. from (— 1, 3) to 92+40y+71= 0. 


11. Find the lengths of the perpendiculats from 1 (2, 3yand 


(4, 7) to the line 2a-y—2=0 and determine whether the 
points are on the same side or on opposite sides of the line. 
What is the inference from the results? . 


12. By calculating the lengths of the perpendiculars from 
(1, 3) and (3, 1) to the line 4x + 5y = 20, find whether the 
points lie on the same side or on opposite sides of the line. 


: 13. Show that the point (2,:~ - 3) lies outside the parallel | 


tines +98, aaty- -4= =0.. 


aon 


‘ 


sb lines 
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14. Show that the origin and the point (6, 1) lie within © 


vertical y opposite eee formed by the lines y-x2+4= 0, 


2x+y - 4=—=(), 


15, Find the equation to “the locus of a point the sum of 


_ the squares of whose distances from the lines Bega 0 
B+ Qy-1=0 is 8. 


16. Find the equation ‘to he: locus of a ponut which is 
such that its distance from (3, an is equal to its Satente , 
_ from the line «—-y+5=0. 


17. Pisa variable point whose distance fom: the line 


*s a+2y= 0:is,/2 times its distance from (I, 1) show that 


the equation to the locus of P i is 
9x? + 6y? - day — 202 — —20y+20= =0. 
18. Show that the equation to the locus of a point whose 
distance from the point (2, 1) is twice its distance from the | 
line # = 2y+3=0 is 2° + 16ary - lly? - 440+ 38y - 11=0. 


76, Bisectors of the Angles between two. ‘Lines 
Let qxt+by+c,=0, a,%+b,y+ce,=0 be two intersecting 
st. lines, (the condition that they should intersect is that 
Gy :d,-b,:b,), the equations being so expressed as to make 
the co-efficient of y positive in both the cases and let a, k) 
be any point equidistant from: the lines. 


The length of the perpendigular from (h, k) to the first’ 
line is- (ah-+b, k+¢,)/+/a,?+6,2and that to the second 


| line is — (agh +b, b+ 2)/,/aq7+ 6,7. 


Since the point. (h, &) is equidistant from the two lines, 


- the lengths of the two 1s are equal in magnitude; that i is. 


(a,b +b,b+c)/4/a,?-+6,7 7 (a,h-+b, i+ ¢y)/ Vida? +bs7, 
OF: ath k+¢)/Va2+b2= - (aah + bak +-Ce)/4/a_?-+6,2. 
The point (h, fk) lies on one or the other of the two 
aQetbyto “Apt dey- +0, 
ee *) a (ag? +3) ? 


ses 
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The cident scutes has known ftom Gasmeuy that. 
the locus of a point equidistant from two intersecting lines 


is the pair of bisectors of the angles between the two given | 
lines. The above equations, therefore, Tepresent | the bisec- 


tors of the angles between the lines — , 
a,c+by+c,=0 and aig + bay + ¢q=0 
| ‘77. | Discrimination of the Bisectors. | 


Let LSayetby += = (0, Lyssage + By + 4=0 b be the 
equations to ‘the two given 
st. lines where 0,, b,, the co- 
efficients of y, are positive. _ 
Fig 51 represents the case 
where c,is positive and ¢,_ 
negative; the student is ad- 
vised to draw figures for the | 
other cases. | 
- Of the four angles formed | 
by the intersection of the 
lines L,=0, L,=0, let us 
consider that angle in which 
the origin lies. The origin, - 
in Fig. 51, lies on the positive side of L,=0, and on sti 


(Fig. 51) 


| _ negative side of L,=0, and hence the perpendiculars from 
the origin to the two lines are of opposite signs. And this 
is true of any other point within the angle considered. Thus, | 


if (2, y,) be any point on the bisector of that angle in which 


the origin lies, then the perpendiculars from (2,,y,) on the 


two lines should be equal in magnitude but opposite in sign; 
«Le. (2,2, +b +e )/ Va,*+b; 2 — (ae, 4 + boy, + C9) / 4/ ag? + +b, 6? 


- Hence the equation to the locus of (x,,Y,), in other words, 


the equation to the- bisector. of that angle which contains 


the sone a 
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ae thy toy _ Ag% + bgy + Ce 
) VJ (a2 +6, 6.2) */ we (A584) 
and that to the other bisector is | 
ae+ -byy +e, Cy _ Meh get + Dgy +Cq 
| V/ (ay? + by4) “) © 4/ (4g? 52?) 
If c,, ¢,be of the same sign, then the right sides of the 
above two equations change sign. | 


Example 1. Show that the point (2,3) hes on one of the 


bisectors of the angles betiveen the st. lines Ba4y +2= =0 


and 59 = 12x +43. 
The lengths of 1s from (2, 3) on ‘the two, lines are 7 
oe 5.8- 12.2-43 . Sane 


nd — cro nad 
2° 5 
Hence (2, 3) is equidistant from the two lines and there- 
fore lies on a bisector of the angle between. them. 
Example 2. Find the equation to the bisector of, the 


| angles between the lines 4a =3y +7 and ‘8at+4y=2, ~and Jind 


the bisector of that angle which contains the origin. 
The equations to the two bisectors are 
= Ant By +7 _ 4p dutdy -2 

5 5 


re | 


| the ibece sign yielding the equation to the bisector of that 
| angle containing the origin, since the constants are of oppo- 
_ site signs. Simplifying the above equations, we get 


“Wety-9=0, ~-%+7y+5=0, 


of which the latter equation represents the bisector of that nas 


angle. which contains the origin. 
Example 3. Find the in- centre of the triangle tihoae 
sides are the st. lines 83u+4y=3, 5x -12y=5, y=5. 7 
By. drawing a figure to represent the above lines, itis 


| easily verified that if I(A, ke) be the in-centre, the lengths of 


~ the per poe from Ton me first two lines are negative, 


Se mig as ; TTT me ee eT he NKR RAMI EY 


while that on the third line is negative. Equating the. 


lengths of the perpendiculars, we have — 
3h+4kh—-3 12k - Bht+5 


Bg Os 
or 3h-+4k - 325 - 5h, 12k - 5h + 5=65 - 13k, 
ie. = 8h 4- 9K = 28, = 5h4+25kh=60. 


Solving for h and k, we obtain h=1}, a = 23, 
Hence the in-centre i is the point (14, 2 


78. Symmetrical Form of “sl aan to a 

| Straight Line, Let PQ be any st. line passing through 

. P(@,, y;) and inclined at 9 to the x-axis. Let PQ=r, where 

(Q=(a, y); then considering the proisctos'0 of es on OX 
roos @=MN=zg- — 4; 

similarly,  rsin @= -RQ= =Y-Yy 

rd oi, 

cos @ sin sin 9 | 

which i is the equation satisfied ” the co- ordinates of any 

point on the line PQ, | 


Hence. 


This form of the equation to the st. ee is called. the | 


symmetrical form or the parametric form, 


One feature of this form is. that it makes use of be dist- 


ance of the point (, y) from the fixed point (%1, Y). 


Corollary. The co-ordinates of a variable point on the 
- line through (%, y,) and inclined to the z-axis at an nee f) 
may be expressed as x=X,+rcos@, y=y,+rsin Oo, 

where r is the distance of the point from (%, 1). 


 Bcample. PB ts a st. line of slope 3 passing through A 
(- 3, 2); find, the co- ordinates of B given that AB=15. 


Let the co- ordinates of B'be. 4 Le and let the inclination 
8 of the line to the a-axis be 0. 
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_ Since tan @=3, we as sin @=3, cos O=$. Also, since the. 
mpenthade i, "AB is 15, gma ib cos 0, y=y%+15 sin 0, 


e=—3415.4=90r -15, y=2+15.2=11 or —7. 
. The co- ordinates of B are (9,.11) or (— —15, =). 


Exercise XVIII 


Find the equations to the bisectors of the angles between 
the following pairs of lines, placing first: the bisector oF that 


angle in which the origin lies : 


. |. 8a- 4y+1e= = (), 8x+4y+9 = 0. | | 

. 3a-2y+1=0, 2e-3y4+4=0. ore 

. 24e-+Ty—-3l= 0, 42+3y - -7=0. 

.Te+y+3= 0; y= =yt5. 7 

. 34 - 4y+6=0, 12% -+5y+10= oe 

.4¢-2y4+3=0, 2e-4y+7=0. 

; Show that the lines 4¢+3y+3=0, e+ 5y+13= 0 
are tangents to the circle with centre at (2, 3) and radius 4. 


eee 


ib Be Find the co- ordinates of the centre of the inscribed 
circle ‘of the triangle the equations to hese sides are 


32 - 4y= 0, 7% - - 24y=0, 5u-12y-36=0. _ 
9. Find the i in-centre of the triangle formed by the lines 


.. + 4y+10=0, 5 -12y -26=0, 42-+3y+10=0. 


10. Find the in- centre of the triangle formed by the ines 
Qn + y=8, 2u+ 1ly+32= 0,z+1 = 2y. 


11..A is the point (3, -1) and B lies on bie line 
4x - 8y- 1=0, if B has gradient 4° rz, find the length AB. 


~ 42. A st. ine is drawn through P(A, k) inclined at 6 to 


the w-axis and meeting the line as -+by+c= 0 at a distance 
7 from. P. Show that r= - (ah+ bk+¢)/(a cos O+b sin 6). 


14 


= Sats ie, Bt eerie 


> Hence deduce the length of the pereeodicalae: from th, 4 | 
on the line ea 7 é 


2 CHAPTER IX | 
‘Concurrence of Lines, Systems of Lines 
79. Line through Intersection of two Lines. 


Let  Lesartbyt+e=0, uceahuecas week) 


— «iL'ssa’a+ b’y +e’ =O) casas one (ey 
be the equations to two- st. lines which intersect at the 
point P (x,, 4). , | | 

Since (i, Yn) lies on each of the lines, we have 


Oty + DYs HCHO, vee e cece eee eee (3), 
ant B'y, te" eee pect 


From éhese equations, we find, as in Art. 61, that | 
%, = (be’ —b'c)/(ab’ - a'b),  y,=(ca’—c ‘a)/(ab' - a'b). 
Now consider the equation L+,L’=0 a Rh 
i, e, — (axt+by+c)+r(a'x+b'y+e')=0,........(5) 
» being any arbitrary constant. This is an equation of the 
first degree in & and Ys and therefore represents a st, line. 
Further, equation (5) is satisfied by (x,, y,),the co-ordinates 
of the point of intersection of the lines (1) and (2), for, on 
. substitution of (%,, y,) in (5), we get 
(ax, +by, +e) +r(a' at, +b" Yy,te ')=0, 

an equality that is true in virtue of the relations (3) and (4). 

Therefore the st. line represented by (5) passes eee 


. (%,, Y1). 
Hence we conclude that 


“m 


if L=zax +by+e=0, L’ =a'a+b'y+c’ =0 peihe: spiattond 


to two straight lines, then ) being any arbitrary constant, the 


equation L+xL'= 0, represents any straight line passing — 


through the point of intersection of. the lines L=0, L’'=0. 


Note 1. For. different values of. o “equation. {5) repre- 
sents different st. lines.. All these lines. are said to consti-_ 


tute a system of lines: 


-_ which simplifies to. 
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2. Given one athee condition satisfied by any line of the 


system represented by (5), we can find the corresponding 
value of ) and thus determine the line completely:* sees am | 


Example l. Find the equation to the straight line” joine 
ing the origin and the point of intersection of the lines 


5a+y-3=0, x—-y+1=0. 
The equation of the required Lin i is of the form, 
(Sa-t+y-3)+r(e-y%1)=0, | 
where » is any arbitrary constant. If this line passes 
through the origin, the constant term in the above equa- 


oe should be zero; ie. -—3=0 or A=3. 


ae . The required equation to the line is 
(5z+y- 3)+3(% - yt+])= =0, or Ag — =y=0. i 
Example 2, Find the equation to the st. line passing 


through the intersection of se and 2a = =yo 4 and oe 
slope 4, — ee 


The equation es any st. line passing» through the point 
of intersection of the two given lines is 
(w+y -1)+h(2x- -yt4)=0, 
The slope of this line is (2b AE - D, and ae theres 


fore be a to 4, 


| . M+ 1=4(k - 1); - or. t= 

-.. The required equation i is (w+y-1)+3 (2x - -y+4)= 0, 

Se yt6mQ, 
Example 3.. Find the equation to. the st. ‘ine: passing 

through the intersection of the lines exer eel and 

4a — 3y =12 and perpendicular to the line. 2y=7 - 3a. oe 


The equation to alty line passing through the apes 
tion of the first two lines is: (4a—3y - puis y be 


_ The slope of this line i ig —EFHIG- k). 


‘Sai 
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slopes =. ae , | 

: gr ae 

ae ae th. W=-1, | | 
or 3(44+k)= -2(3 —k) which gives = eee 


Substituting this value of k, we have | 
, 5(4a —3y — 12) - 6(z+yt4)= =0. 
which reduces to 2% — By 12=0. | 


through the intersection of the lines - a+y+4=0 and 
4% = 8y=12. and perpendicular to the kine 2y=7 - Ov. 


through the intersection of 62+5y+4= =0 and “Va+y+2=0 
and which are at a distance 4 from the point (2, 3). 


7 | ‘The equation to any line passing through the intersection 
of ey two given lines is | 


or ((642r)e+(5+ ry + (4420) = =0. 
But the distance of this line from (2, 3) is 4, 
. (642d). 2P4+(5+r). 3+(44+22) | a4 
at A V(6+2NE+GFNE 
or | On FSP MIE +IA+ E+ AI | 
ie (PE UAN 1520, 0 RSL or - 15 
Substitute these values of > in (1) ‘a simplify ; we obtain 
40 +3y+3= =0 and 12a 4+5y+13=0 


intersection of the given lines and distant 4 from (2, 3). 


—. 80. Concurrence of Three Lines. ee ee 
Let. oe, & a a ae +b,y+e,=0, Saeadatd bocoats is : (1) 


If this is to be 1 to the line ai 7 - 3x, tie product of me 


This, therefore, is the ‘equation 46 the st. line passing 


Example 4. Find the equations to the st. lines passing | 


(6+ 5g +4) + rx(Qet+yt2)=0. evel 


But by (4) 


as the equations to the two st. Jines passing through the 


“ag Hoa + G=0," eee eeeeeee®) 
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be three straight lines, no two of which are parallel. — 
— We have already seen that the lines (1) and oR meet at 


| the point (x’, y’) where. i 


% "= (0,0, - bs¢4)/(aye - Ab;), ¥ (640g ~ C90) (a,b, — @ab,). 


7 If the st. line (3) also passes through (2, y ‘ym we must have 


aor’ +bsy’ eee 
substituting herein the values of 2’, y’ and en 
€g(B Cy — Bg0,) + B3(Cr%2 — Coll,) +9(44bq — Gy b;)=0. . 


7 This, therefore, is the condition that. the three Ben lines — 
may be concurrent. oe | | 


|—6Sl- Condition a Concurrence : Another Form. 
The condition for the concurrency of three lines. may be 
expressed i in another form. fame | rs 


Tf l, m, n are any constants ihe eae ‘zero, | ace n that 


Uae +byy + ¢,) 4+mla,e+b y+ Cy) + n(d% + bey +0)=0 . .(4) 
- for all values of x and y, then three straight | lines ree 


ed by (1), (2) and (3) are concurrent. 


Tf (h, &) be the co- ordinates of the point of intersection 
of the lines (2) and (3), we have | 
ahh Cee eae =0, a i 0, — 


ae le a calmenhy bt oy)-+magh-+8, Ha) =0, 
*. Uayh+0, b+6)= =0, nae 
. ah+b, k+c,=0, since 1£0, 


thet is, the line. ayz+by +¢,= =0 passes through (h, k). 


Thus the three given st. lines Ps dia (h, aa and 
are therefore concurrent, | 


- 89. Condition for Goeascace - :-Alteriaitve Method. 


i The condition for the concurrence of | the lines may also be 
| established 3 in the following manner: 


\ 
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Any line passing through the intersection of Q) ona (2) 


is given by (aye By +0) + (age + Oey + ea) = =Q,.... oe ek 
where > is any arbitrary constant. 


For some value of x, this equation . will represent the _ 


game line as (3), provided that line (3) passes through the 

intersection of (1) and (2). That is, if the three lines are 

concurrent, equation (5) represents, for some peruse 

value of X, the same line as (3). 

The condition for this, by Art. 46. Cor, 2that — 
. A+ AO, _ = Prt Xs EC: | 7 

Mg. 3. C3 i 

The values of a cbtained from the two equations will be 

gb, — a,b, _ b,c, —ByCs | 


_ i : 
he same, 1.€ Abs Asbo b,Cs — D500, 


_ cross-multiplying and simplifying, we get 


Y A,(0yC3 — 536g) = =0, 
a condition ‘deatical with that of Att. 80. 


Example 1. Show that the three lines 2u— y+1=0, 


a+y—1=0, “+5 =5y are concurrent. , 
If it is possible to find 1, m, n such. that 
U(2a-y+l1)+m(e+y— 1)+n(2- 5y+5)=0 


for all values of x and Ys then the three lines are concurrent, 


Lm,n must therefore, be found to satisfy the relations 
+-m+n=0,- -ltm— 5n=0, l-m+5n=0, 

* [= -2, m=3, n==1, are one set of values satisfying the 

| above conditions, 


- hag gs —2(22 - -y+1)+3(e+y— ~1)+(2- by +5)= =0. 


. The three given lines are concurrent. | 
| - Beample 2. Show that. the three lines - at By - 5=0, 
2a ~3y+4=0, 4y= 9a = 1 meet in a point. 


” 
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- Any line through the meet of the first two lines is — 
(w+ 2y - 5) + (2% - Sy 8)=8, - | 
k being any arbitrary constant. — 


‘If the three given lines are concurrent, this equation 
must, for some value of k, represent the same line as the 


equation = 4y- -9¢%4+1=0 ; 


142k _2- 3h _ 4k - 5 
ee; ai “=9 = ——— 7G ac: 

These equations are consistent, since both give for k the 
same value, namely, 75- | | 
Hence, the three lines meet in a seine | pa 

Example 3. Show that the line joining the points (2, —1) 
( - 3,4) ts concurrent with the lines3u+y+1l= 0, 2a-y+4—=0. 


Any line through the intersection of the two given lines 


is (8e+y4+1)4+rx(2e- y+4)= 0. 

If this passes through (2, - 1), we have, 
(3.2- 1+1)+r(2- 2+1+4)=0. 
Ah — %. | 

Substituting this value of ) in the above equation. 

: (3e-+y +1) —3(2% -y+4)=9, 
ie.  -8(8a-+-y+1)—2(2x- y+4)=0, 
which simplifesto . %+y-1=0. 


‘It is readily seen that this line passes through (-3, 4. 


Hence x+y —1=0 is the line joining the two points (2,- 1) 


and (—3, 4) and meets the two given lines at their ag of ; 


intersection; that is, the three lines are. concurrent. 
Example 4. Find the equation to the line joining the in- 


_ tersection of 2a+y—3=0 and x - 3y+- aa to the sndorsection, “i 


of Ba-+2y ~ -1=0 anda —2y+5=0. | 


_ Any line through the’ intersection of the first. pair a | 
lines i is | (20 -+y - St ie =e 0, sie vetee() 


: i 
ma © 
‘aa 
Bk: 

a 
- ; 
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while any line. dirongh: the intersection of the second pair 
of lines is. (3a-+2y = 1) 4 p(t = 2y +5) =0, . eae eae .(2) 
where ), - are any arbitrary constants. mee Be 
‘Ef we so choose the values of \ and # as to ies the 
equations (1) and (2) represent the same line, then this line 
will be the one that passes through the intersection of the 


first pair of the given lines as_ well as the Rou of intersec- _ 


tion of the second pair. 


The condition that (1) and (2). ‘may Sepnsbent identical 
lines is that the co- emcee of like terms should be prone 


tional, that is 
24y_ Ls 3) _ a= 3 


B+eh 2- Q- 2p Ben 1 


These two equations. can be ‘solved for \ and p, provided 


that no term assumes the form % ov Solving by the usual 
method, wegee sg 
NRO 2-or 4. neo or 1. 


| But we note that tho golution X =4, K=l “makes the 
middle term of the above . ratios ene oie form $, and 


hence ee be rejected. ‘We are thus left with the solution - 
‘y= —3, p= - land these values reduce (1) and. @) to the | 


same equation, namely. 2y=3— xX. 


‘This ig the required: equation to the line» joining the-i ‘in- 
tersection of 2a-+-y—3=0 and « -3y+2=0 to the intersec- 


: tion of et ye. 1=0 and 2~ ~2y+5=0. 


- Exercise XIX 


1. Find the equation to the line joining the origin to the 
point of. intersection of the lines 2a-3y=3, x+3y=15. 


Determine also the point of intersection of the given lines. 


2. Find the equation to the line. ‘which passes through | 
| ‘point (4; 3) and. eer the meet: of mee lines ee =0, aad 
ba er 2 | | | 


Sa 
a ct: aaa ora Kalan og. 
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3. Find the: equation to the line | through | (-1,:2) sid 7 | 


concurrent with the lines 2x -— 3y.=12 and Ta+ 10y=1 e 


4. Find the equation to the line having slope 5. and pi iia 
Ang through the intersection of the lines" Pa uaee ‘and 
20 -y+5=0. | 


5, Find the equation to the fine ° passing through’ the 
meet of the lines 3% - ata; =0, Be rey - — and having 
gradient -14. 0 

6. A st. line passes through ‘the’ intutseation of ttle’ lines 
a—2y+4=0 and. 4% ~-3y+1=0 end. is inclined at. 135° to 
the x-axis; find its equation.. — 


7. A line concurrent with the ateas oe ty +6=0 | 


 2a+38y—4=0 makes: an soe 3 on the yee: find i its 


pamaten: aly. 


§. A straight Ling: passing. ‘through the sitchaseibn wee ae 
lines 2a - By +2= =0, 32+y-l=0 makes an aaa aa - 
on. the x-axis; determine the equation to the line. | 


9. Find the equation to the line’ passing through the point 
of intersection of the lines. 3a+5y+2=0 and x+2y—1=0 
and making on the axes intercepts which are (i) equal in sign 
and magnitude (ii) equal in magnitude but opposite in: sign. | 


10. Find the equation to the st. line passing through the 
intersection of the lines 9247 yt8= = () 0 end Betdytl =(0 
and parallel to the w-axis, 


Jl. Find the equation to the st. line passing through. the 


meet of the lines. 6a - ¥- 2= =v sa ite Serle and = 


parallel to the y-axis. 


12. Find the equation to the st. line. drawn through the 


intersection of the lines 8a+2y=4 and L— v= = 2 and para- | 
liel to the line 2% - -yt+l= =(). F 


43. Obtain the equation ‘to the st. line passing Shea 


_. the intersection of the lines 3x +4y +6= =0, Ge +y- 920 | 
: and parallel to the a+ y=7. ae ; 


14. Obtain the equation. of the st. line aio is || i the 


- Join of (1, 3), (- 2, 1) and passing. aes the meet tof, the | 


lines 3a + 4y = 7 and 9x - by +8 = ao 
a 15 


as 96. Show that the following line 
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15. Obtain the e yuation: of the perperiiicular to the line 
32-+-y=0 from the point of intersection of * the lines 
22-+3y -7=0 and bu-6y+8=0. 2 7 a 
16. Find the equation to the st. line through the point of" 
intersection of the lines: 5a+2y-8=0, « -5y4+2=0 and 
perpendicular-to y=72+3.— ee te. 5 le a F 
17. Find the equation to the st. line passing through the 
point of intersection of the lines 3¢- Ty+2=0- and 
10% - 10y+3=0 and perpendicular to the latter. . 
18. Find the equation to the ‘st. line passing through the 
point common to the lines y-@+1=0 and 3x2-+-4y=12 so 
as to be perpendicular to the latter. cee. 2oy 


19. Througli the intersection of the lines 24y+7y=H and 
42+3yt+t1=0a perpendicular is drawn to the join of (1, 2), 


(3, - 2), find the equation to the perpendicular. 


20. Find the equation to the lines through the point of * 
intersection of 20-+-y+10=0 and #-+y=0 so as to be aba 


distance of 2 units from the origin. 


21. Show that, for all values of . the st. line 


Baby +l)+rx.Qe -~y+4)=0 — 


passes through a fixed point and find the co-ordinates of 


the point. 


72. Show that, for all values of f the equation 
| (52-+2y -7)+kly - 3¢+2)=0 ; 


> represents a st. line passing through. a fixed point equidis- ; 


tant from the co-ordinate axes. 


Re > 


93. The equations to the sides of a triangle are 


—g-y+10=0, #+18=0, Sa+y+34=0; . 


| find the equations to the altitudes and the co-ordinates of 
the ortho-centre. = are i | 
94. The sides of a triangle are the lines s-y+1=0, 


w+2y=1,2y=e4+1; find the co-ordinates of the ortho-centre 


95, Find the > ortho-centre of the triangle formed by the 
lines (i) v-y=7, 40- 3y=29, y=2x - 13. ne 7 


Aa +3y=5, Sa-2y=12, 2x - 


4y+3=0. — 
. gare concurrent: 
ge Qy-1l=0, a+2y-1=0, at4y-l=0. 


te GH) 


™~ 


‘to the bisectors. 
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o1. cty+2=0, et 2y+3—=0, 8x+4y+7=0, 


28, 2e+5y=8, 8a-4y=35, v- y= ll, 


a By +2 =0,. 6a+ 5y+6=0 and the join | of (0, 0), 


31.40 —3y+2=0, 32-y-6=0, the 1 from (1, 3) to the 
line et+yt5=0. = ee oe ee 
39. Show that, a and b being constants, the lines 
(4n+3y-7)+a(2ety-3)=0, 
—b(4a+8y - 7) 4 ery ~ 3)=90, - 
oe (240+ Tz = 31 
are concurrent. | — 


33. Find the equation to the line joining the point of in- 
tersection of the lines 3x - 4y - 10=0, 2a +3y-1=0, tothe — 


point of intersection of the lines 2a -y—4=0, e+y-5=0. 


"34, Find the equations to the diagonals of the parallelo- 


gram formed by the lines «+y=3, e+y=7 ,x-y=5 and 


a-y=1. Also find the angle between the two diagonals. 


35. Determine the condition that the three lines 
au+bytc=0, be+cy+a=0, cxfpayt+b=0 | 


may be concurrent. | 


36. Prove that the following lines are samonieent “—_ 
: (a+b)e+cyt+d=0, — 
(ctajetbyt+d=0.° 


37. The vertices of a triangle are (45 yy), (os us), (ite, Yo \. oe 


Show that the equations to the altitudes of the triangle are | 


ar(%y = %,) + y(Ys — Y;) =X,[%5 = %)+Y2lY3-Y1)> -: = lige 4 
Ss den Pi As 


and hence prove that the altitudes of the triangle are con- | 


current. 


38 Using..the fact that the bisectors.of the aieibs bet- 
ween the lines axv+by+c=0, a'e+b’y+c'=0 have equa- 


tions of the form (aa+ by+e)+% (a'x+b'y-+c’)=0, and are 


. equally inclined to the two given lines, deduce the equations 


Beep 


“The Circlé 


Though a ‘detailed study of the Girole and ae renee 
has been reserved for Part II of the book (a forthcoming 
publication), we give below in acollected form a few’ of the 
important results connected with the circle a noticed i in 
the earlier ‘pages. 


1. The equation to the circle with cents at origin ana 
radius r is : ety? =? . 
2. The circle with centre at (A, k) and radius ris. 
(@-hP+(y- kPa, | 
3. The general equation to the circle i is 
— PY? Haat Ay tend. 
In this equation, | : 
_ the co-efficient of x? equals tiie: co- efficent of y?, 
and the ay-term i is not present. 
_ The centre of the. circle i is (<9, ~f) | 
and radius VA is a f?- 2c). 


represents a circle with centre at (— —G/A,- el and radius 
equal to Vv (+ F?— —AC)A. | 
. 2 The equation to. the sirole whose diameter is the line 
“~ Joining» (4, Y4). (Fa, Yo) is | | | 
|  e- %)(2 - 2) + (y - its Yo) = 0. “(Ant 30, Ex, 3) 
6. The equation to the circum-circle of a triangle whose 
7 vertices are given is obtained as shown in Art. 24, Ex. 3. 


ae The condition that the line y=mate: should. bea a 
| tangent to the circle ete =a? ij is that a= e/4/(L +m), 
- (Art. 69, Ex, 5) 


“| 


(Art, 29) 


(Ant 24) p 


a (Aart, 24) 
4. Siniilarly the equation An?+ Ay? +2G2-42Fy+0=0 | 


(Art. 4) | 


| circles : 


THE CIRCLE = siQYT 


8. In Art. 12, the metiad of dcieniaies the intersections 
of two loci is given and a number of examples are included 


in Ex. IIL. A few illustrative examples. are, worked below 


Example 1. Find where the line ae ‘intersects the 
circle ®t y2=25, 


Solving the two as simultaneous par we got 
y? = (25 - sie =(7-2)2. -Ta+ 12= 0. 
e=4 (or v=3. | 

3 . yt8 or yo 


~The solutions are (i) e=4, y=3 (li) v=3, y= 4S 
| Therefore the two points OE intersection. are (4, 3) and (3, 4). 


~ Corollary: The chord of the circle intercepted by the 
line 2-+y=7 is the distance between the two points , 3), | 


(3, 4) and is equal to 4/2. 


_ Example 2. - Find the equation to the tangent to the circle 
a 6x+4y4+3=0 at the point (2, 1). 


° By substitution, we verify that (2, 1) lies on the given circle. 


‘The centre of the circle is (3, —2) so that the ere of the | 
1+2.. — 
923 or = as mie, 


. The slope of the tangent at (2, 1) i is. 5. 


radius to the point (2, 1) is 


ie j 


= Hence, the equation to the tangent i is; wah, os 


ee nOR 2 ca Syma]. 


t= 


- Exercise XX | 
LE Find the centre and radius of each of the ‘following 


alk gy? de — —6y-3= 0. 
2, e+y?-4e—-Qy-4=0, 


-» 
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3. e+y%- ~ 2a - -Qy-+11=0. sg Bo 
4; da? 4y" +40x - -12y +030. 
5. wt--y?+ 8a —6y=9, 
6. 6. e+ye- - 4y+1=0. a. oe 
Ze. Show that the line 32 - 4y + 10=0 is @ tangent to 
the circle ah y= | | 
3. ‘Show that the line Ba - 12y413= =0 touches t the circle 
gtty+l. . , - 
4. ‘Find the equation of the ‘tangent to the cirole | 
| At yp + 2% ~ 2y—3=0 at the point (ql, 2). 


5. “Wind the equation of the tangent at 
circle ty + 2ge+ 2fy = 0. 0. : 
6. Find where the following ipeled and at. line 8 intersect 
L, e+y= =10 and a=2y. | 
2, a®+y? =25 © and y=«+1. | 
3. A+y?- ~ 42 - Qy+1=0 — and e+y=l. 
4, ay? — & — -Ty+10=0 and e-+3y=1l. | 
1. Find the length of the chord of the circle. wee 
| a2 + 4? — 62 — aii 
- interoepted by the line y=%.. 


g. Find the length of the ghoxil of the circle 
| ot y+ 20+ 4y — 164=0 — 
- intercepted me the line 1 5+ be 


the origin to the 


Lag 


SUMMARY OF RESULTS» 


Note. For the sake of brevity, ‘the bare results are e given ‘here = 
omitting the conditions, explanations etc. which are pe to 
be supplied by the student himself. 


| ‘THE POINT | | 
1. The : 2- iaianes between the points te, Yi). (%e. Yo) 18 
La — Z,; the y- -distance between the same points IS Yo Y- 
2, When the origin is shifted to (h, &) the co- ordinates of 
(x, y) change to (x -h, y—k). | ' 
3, Distance between (2,, 7 (%g,-Yo) 


= =V/} (4 —2%_)?+(Y,=Yo)?} 
=vi (x-distance)? +(y- distance)". 


4, Slope of the join of two points: 

(MH = yp)/(at, - 2). i Mes eect a. Xe! 
‘B. Co-ordinates of middle-point : [Ea 4+22), 3(y, +Y2))- 
6. Co- ordinates of a point dividing the jou of two points 
(Htgtlay, lay “Ber | 

k+l k+l /. 
ae Co- ordinates of the centroid ; ~~ a 

{Aa Fargo), Kutvetodl | 
g, Area of a triangle with origin as & varie: 
3(24Y2 — TeY1)- | 
9. Area of any other triangle : : 


Hate Ys) + &alYs = Y1) +s wl 


THE STRAIGHT LINE 


10. Equation to ast. lina : General form : Au+ By + 0=0. 
1l. Gradient form: y=mit+c. 
12, Point slope form: y-Y =m(x - ~ 24). 


in ‘che ratio: l are 


_ 13. Two-point form : (y - yy)/(% - oa - ea). 


14. Intercept form : a wfatylo=1. bs 6 ae , 


Ee 
aa 
be 
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15. Normal form: £608 ety SID c= =p. 


16. Symmetrical form: (%- %,)/cos 0 = (y- ite @=r. 


17. Condition for parallelism :: mam, or ab’ —a 'b=0. 
18. Condition for perpendicularity > 
mm! -1, or aa 40" 20: 
19. Angle between two lines : | | 
cs mem! ; es — ab’ -a' ab’ -a'd , 
ieee aa’ + ee 
20. Line sheoarh (a1, ¥) parallel to ax tbyto= =0: 
alt — — %) + ly — -Y4)= =0. = 


| “tan-2 


7 21. Line through (245 y,) to ax-+by+e= =(: 


b(x = %,) +aly - y:)=9- 
22, Length of perpendicular from a point to a line: 
© (a, 608 oe ty, 8in oc — 7) oF — (0%, + bys tev (+0). 
23. ‘Equation to the angular bisectors: : 
(ant byte)| Viet) = +(a ‘a4 bly +e)/ (a+b). 


24, Equation to any line through the intersection of the 7 
_ lines" L=0, L'=0: 


95, Condition: for concurrence of ee lines : 


L + »L': ‘=O. 
= 2 3 a4(Pa0s ~ - bss) = =0 


3 | | ‘THE CIRCLE 
"96. Circle’: centre at origin, radius a* 5 aS yt 
27, General equation + Siyiersaiyteno,, 
28. Centre a cirdle : (- % ae ); radius = ines = eh 


¢ = av +m?) or ea +m). 


Ee, 


- 10, (i) Land IIL. 


| 20. eas tan o 


ANSWE Re 
EXERCISE I. (Page 8) 
“2 On the x-axis. 
| i ~ EXERCISE (Page 10) 
LIV. 00 3. II. 4. I and IV. 


g. II and III. . 2 oe 8, I and Il. 
(ii) il and IV. 


EXERC.SE. Il (Page 14) 


1. On the a” | 


9. II andIV. - 


1. Line || to y-axis at a distance 2 from it. 


9.x-axis. 3. Line | to the x-axis at a distance —3 from. it, A Line 
\| to the y-axis at a distance — 2} from it. 5, The bisector of the 
angles YOX', xXOY’. «6, 7. Line through tha origin, passing 
through the first and the third quad rants and inclined to the x-axis 


at an angle whose tangent is 2 (in Q.. 6) and 3 (in Q. 7). 8. 
Line through the origin, passing through the second and the fourth | 


quadrants and inclined to the a-axis at an (obtuse) angle whose 
tangent is —4. 9, Line i to the y-axis at a distance @ from it, 
10. Line || to the z-axis at a distance —b from it. 11. Line through 


the origin passing through the first and the third quadrants and 


inclined to. the x-axis at an angle whose tangent. is }. 12. Line. 
through the point (1, 0) passing through the first, the fourth and 
the third quadrants and inclined to the z-axis at an angle of 45°. 


13. (4,2). 14. (1,2). 15. CL 4), (—8 —32)- 16. 1. (3, 0), (0, 3). Fin ot 
2. (0,0). 3. (+2, 0), (0, £2). 4. (£1, 0), (0, —1). 5. (5, 9); dogs - 


not cut the y-axis. 17. CHYo - By= =6. 19. yoo tan pe 
ae) e+y=a. ii) Xuty)=e _ oe 
_ EXERCISE VI (Page 17) oa 


1. (5,2). . 2.0) (2, — 4) (ii) (5, - 8) cay 3) (iv) (2h 0). 
(v) (0, 0). s(t, 6). 4. (1, Ue 5-(- Ub- 4). 6. (- -8, 8). LG, 5). . 


EXERCISE V (Page 22) 


Ba 2.5. 3.5V2. 4.37.4 5.29. | 6.4761. 1.2°5. B83. 

10,138, HM. 4, 12. /l4. 15. £8. 16. £40. 17, (21, 28) 
ae 21, — 28). 18. (i) (20, 21), (— 20, — 21), (21, 20), (-21, —20)-. 
(ii) (20, 21), (=20, 21), (- — 20, 21), (20, -21), (21, 20), {-21. 20); 


KG 21, —20), (21, 20). 
16 «Of 


5.1 and IT ea 


sco en I ceca cer ean 


“4.113 2.23) 3.17) 4 aVNS 5.29 67 2, 10/5 


pBeatpytact—at 14. at By8+ byt 9=0 15. 234 y2=P/4 eon’ 


EERE 3 or sebee 
Ber SEED BY aaa errs ET a Gs OR a tO 
oe Pc, Oy, Paneer a og | cee i ‘ - ee 
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EXERCISE VI (Page 26) = 


3. 2042/2 5.272, V6, 725. 90°, 60°, 30° 9. Ab (2,1) 10.25 

11.34 12. 34 each — 13, 1/10: 1 14 2734, 675 15. 48 

16. (2, 2) 17. (4, -5); 3:4 18. (0, 1), (-4 9) 19. (1,5) 20. 25 

21.5 22.(-1,1) 23.1. (3, 4);5 2. (—d, 8) 810 8. (2, 4); 5/2 

4, (18, —F2)3 2ev'34 24.8, 8) 25-0 1); vi | 
EXERCISE | vil (Page 32) 

2. at+y'-8e=33 3. atfytt 


l.a=y; yes — 2.1; x+y? =4 
oe oe 


6x—S8y-1=0 4, 074+y" +20 2y= 3=0 B.atty?— 
6. (a— 3)2+(y—2)?=1 or = (@- 2)2-+ (y— ‘1yP=1 3. i. (i, 2); 3 
2. (—2, 3); 5 8. (-2,-4)33 4.(-8,15 3. it, 
“4, wt +y2—4a— Hy +19= =0 «6. apy?-+20-+4y— 164= =6. °° 
7. 28+ y2— l5atby=0 : 7 8. wt+y?=9 9, a+ y2 =16 | 
‘10. 8 (a? + y?) + 22% — — 52y+85=0° ‘i. y? = 6a — 9 12. a= 15y® 


ited EXERCISE vill (Page 35) 
1.1 273 - 3. V3 4.0 5.0 6.0 7,0 8.0, 
gel Ort Oo 2, 48° 3. 135° 4, 120° 5. 26° 34’ 6. 148° 8% 

7.78° 8, 165° did 2. 2 3.3 4,0 121. 45° 2. . | 

$..90° 4,112°37’ 5. 30°. 2. < 

pe ree ek EXERCISE IX (Page cy) oe ee 

| 11 OO RER | 3, 000 Se 4, = bd: 3,09 - : 

a te - fp. 6 | 


| te te te — XI (Page 46) 
4.1.(34) 2. -1)- 8.41, 1) 

3. (3, ee i) 5.0; -I)(- i, 7). : (3, pe 
10.1. (- 3,1) 2. (0,0) 3. (2,4) 4.(- #14), | 
MM Cie teatea)e Hyrt Yat Ys)) 14, (8 , ~2), (= Aa, - 6) 

15. 2,0) 16, z-axis, 1:2 at (5, 0); y-axis, —4:7 at (0, B) 
he a 29, 1:4, 228 

- | _ EXERCISE XIV (Page 55) © : 

aa 2, 24 3-5 4. -2f 5.5 6. —7h 22.17 2,24) 
$5004: 18}: 4, Area=0; the poe are collinear 6. ‘10 
MEA y=2a4+3° 2. y=ie-1 Sety=9° 9. yet ory=a-5 Pe 
10. Area {ely ya) = yer) + (iva ata 3 


ae <2) 
a (bl) 


this: expression 


13, 3: 7 
oo 14.153 15, 2:8, 1:4 16. 228, 2:15 (2,~1) 17. 8:1, 24 


wa. 


“ANSWERS 123 


equaled to 0 is the equation to the st, line. 11. a + [ose ae 
ae at+y = Olah 


; : ” wicks bie nares XUI a Sse 
e-8 3.y=V/3x—4 4 
. ae aye 2,1. 4,7 2. 3, -9 38. ahi 4, —34, 
a Lem e 3. 1. c=5, 2. a/l=b/m=e/n, aaa 
nes g= raha 0 6, PY (a? +d%)=—e 6. U/3= m/4= =n/6 
S.y+V8e= 7-43 7 a 
oak sa etV3y=V3 1. izty+3=0 8. y=Ta—15 
: Peers Les = 0 3.y= a+) 4.¢= =y+2 —~6B. Baty = 4 
aty=at+b 8, y(t +t,)= 2a + Qatyte 


0 5. Sz-+y=0 7 


o+¢ | 
9. « cos —- ys sin ote cos fey - 
ae 
| 4, +8, — 
10.” 4 Vite, Y . 6 ae ie 
ee sin 15? =c08 O1~ 9, vo a 
j 4 


Be 4 8y= 22 9, Sides : 
ey 5 gee 
ssaaeaie 3y = 102 — 25, 162+ 3y= 53, eran 


ee EXERCISE XIV (Page 77) 

ia -L 34 4.]] 5. tan22 | : - 
O tanta.” a ian $26 7] S.tant gy 
tan"'ys 6.tan> $ Ty=2 8. 2y=24+2 9, Seay tm ° 7 


10.¢+y=8 11. 42-7 
ce ae . UPee= 0 12. are =B0 


16. 9x+- 24 —-8= | 
‘16. 92+ 2y-8=0 1 y: Se oat mre ae ‘19. 4 


By =a | 
By =0-+16 a 5, . 1; oe 78°41’,45° 21. Bat dys 20 
, 45 oe 


24. 


(as, 3) 27. (3,4 28, (~4, 1) 30. G% ") 


tip 1T 


EXERCISE XV (Page 83). ‘ 


v+5y=10 = 2. By = 5a+10 (3. 4a 6y+3=0. 4, V3y=046 | - _ = 


paige 6.y=32-6 7, 5x +12y4+30=0— 
; = (lil)y=e+1l 9,243 
1 y+16=0 10. 7a—4y ; 
+37=0 


i 5a-+ 3y = 30 12. 1204 9y-+96= 0 13. ‘Ge - oe 0 
* aya may ila a) (eave ann) ile 29) 
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EXERCISE XVI (Page. 92) 


1. aty=4V2 2. eV/3+y4+6= 0 3.1/32- 2y-6= 0 4. 4o43y=11 
5. getfy=2; +2 6. -f ge + YSy = 3; 43° 1 a5e+8y=3; +3 
8. -Aetsy=-B ee 9:1. (a— 4) cos eee 7) sin d= =@ 
“25 (+2) eos at+(y+3) sin a=0 3. x cosat+y sin atp= be 
10.1.4 2.2 3.4 4.1 5. V18/2 1 at tyta 9 | 


EXERCISE XVI (Page 100) 


pide 8. 2; non-origin side 9. — 2/4/5; origin side 

side il. ~ -1/4/5, — 1/95; on the same side; the join of the points 
Pr. -~—- is |] to the given. line | 
toe Bat Loy + Sy" ¥ 26 ~ 2y— 13=0 


EXERCISE XVII (Page 105) 
L ‘ytt- 0, “8245= 07 aty=3, x -yt1= =0 
2e+y=3 =: 40+hy—li= =0, 3a— ~y+7= =(0 
q - agi HQ 6.2ty=2, y= Sxt+5 8. (8-8) 9. (— 4-48) 
= aes 
eo _ EXERCISE XIX (Page 112) 


ai ier ee a 


Yd.y-1=0- 
- “Y4, 8y= 2045. 
po Sig Hi R8e— aye aT 
be a (=1, 2). 


“ll. z=3 12. 10e=5y+13 13. 32+3y+5=0 
15,2-3y+5=0 16.7+7y=6 12 4n+4y=1 

19.e-2Qy=4 20. 3¢+4y=10, 4a + 3y+10= =0 
23, 2+y=2, y+1=0, 3y=a—6; (3, -1) 24. (-4, 1) 


‘EXERCISE XX (on the Circle) (Page 117) 


1, 1. (2, 3), 4 re (2,1,3 ° 3. (1,44), f10R° 4. s 5, 14) 2 
4 5. (—4, 3), & 6. (0, 2), 73 4, 2a+y—4=0 5. gut+fy=0 
: 6. 1, (272, WD (=2/2, 2) 2. (—4,—3), (3,4) 3. (2, 3), 


(4,1) 4, (2, 8) (4, —1) 7.2/2 —° 8.26 


- : Saee-e Hs ae 


0 eed B48 BFR 4b 5 +10 6.272 7. 24; origin 
10. — 23 origin 


12. 1/4/41, 3/4/41; on the same side 15. - 
16. w+ Qay+y? —22¢—6y+25=0 © 


3.0-2y41=0, | 
5. 82+ lly—4= ae 


La= =2y, (6,.3) 2. By=0+6 S.2+y=1 4,y=5e+11 5. Ba+2y=0 7 
6. zty= =5 7. Tet 2y= =6 8. lly=2+5 9. e+y+4=0, e-y+14=0 © 


25. (i) (8, -6) (ii) (14, 2) 33. y= =34—7 34. 7=4, y=1, angle=90° —_e 


ee 


le; 2) Prove that the points (12, 0), (0, 9), (—6, 0) and 


2. Find the equation ofa st. line passing, through the 


a Find the iu of the perpendicular. from. the point out d 


2. ay Find the equation. of the tangent. at. the origin ‘0 


we: eT wot ees Sih i ‘ F < + Ee 
oa Aa aay Edit ger ero, Se AMAT le ale ET a a ga ee ae Woda dade Loot 
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1942 


(0, -8) are concyclic and . find the radius of the 
circle through them, | 

b) Obtain the co-ordinates of the cefiestion of the point 
(2, 3) in the line 62-+4y= =1)1. 


point (x,, y,) and having the slope m, 
Obtain the equation of the st. line passing through the 
point of intersection of the lines 24—3y=1 and 
- ¢+y=3 and inclined at 45° to the + ve direction of the 
a-axis. Show also that this st. line passes through 
me centre of the circle a? + y — 4a — 2y —20= =0. 


(1943. 


(x,, y,), on the st. line aw+by+c=0. Find also the 
equation to the perpendicular, Find the co- -ordinates 
of the ortho-centre of the triangle formed by the 
origin and the points A(3, 2) and B(2, 3). Show also 
that the ortho-centre divides the eae from 
O on AB in the ratio 24:1. — | 


a, the circle 27+ y? +29¢+2fy= 
pb) Bing the length of'the chord ey i circle ar 
| arty *-6n-2y + 6=0 intercepted by the line you, | 


1944 


1. Find the angle between the st. lines 2- y+3=0; 1 


2-+-3y—8=0. Also find (i) the ¢ area of the vane 


126 ELEMENTARY ANALYTICAL GEOMETRY 


2. 


included. between these lines and the z- -axis, (it) the 
Co- ordinates of the centroid of this triangle. 


Find the length of the perpendicular from the point 
(%,, ¥,) on the st line az+by+c=0, Show that the 
st. lines 832 —4y+10=0 and 52 - 12y+13=0 are res- 

- pectively tangents to the circles v+y%=4 and 
 ¢+y?=1 and that 14%-+-8y+65=0 is the bisector 
one of the angles between the st. lines. 


1945 


o a) Find the locus of a point which moves such that | 


_ the area. of the triangle formed by it with the two 
» Points (2, 5) and (-4, 3) is 14 square units, 


} oy »: Find the equation of the st. line passing shou 


‘the intersection of ¢-y+1=0 and 4u4+3y—_212 
80 a8 to be perpendicular to the latter. ms 


a) ‘Prove. ‘that the four points (0, - ~ 2), (5, 1), (2, 6) and 
(-3, 3) form the vertices of a square; write down 
_ the equations to the sides and the diagonals. 


b) Find the equation to the circle with centre O and 
elie the line 82-+ lby= 34, 


1946 


: | a Obtain rs co- enon of the point dividing the 


_ join of (24, y;) and (x2, Yq) in the ratio p: q- 


i b) The vertices of a quadrilateral ABCD taken in order 


- are’'(-1, —2), (2, 1),:(3, 4) and (1, 2). Find the 
_ ratio in ich AC divides BD; find also the equa- 
tions of AC and BD. 


| a) Obtain the. equation oka a st. line i in a the form | 


; E7 COs ory sin LP. 
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b) Find the - distance batwaen 3a - +5~ —() and 

— 8a—4y~ 8=0.. Show that the latter line touches 

the circle x4 y24 Gg — ~4y-12= =(; obtain the co- 
ordinates of the point of contact. 


1947 . a ae 
Obtain an expression for the ipenpetidiovix: distance 
from the point (%,, ¥,) to the line ax+ by +¢= 0. 


A square has two opposite vertices at the. points 
(-5,8) and (7,13). Find'‘the co-ordinates of the 


other vertices and the equations of the aides and 


diagonals, es 


a) Show that (x— re ide SiGe ie -0 repre- 
sents a circle of which (21, Yi), (%e, Ya) are a ‘pair 


of dia metrically opposite points, 


bd) Find the equations of two equal ortlee which touch 


each other and have their centres at (4, ie and aM 6) 
| (1948; | , 


a) Obtain the equation to the locus of a point ‘whose | 4 
_ distance from the point (2, —3). is ie to ite age tet 


distance from the line t+4=0.. 


| b) Show that C(4, - 38) is a point on the line joining 


A(1, 3) and B(5,.- 5) and find the co-ordinates of 
_ the point. D which divides AB externally in the 
atio AC: CB . 


a) Hind the angle. eee the st. lines an-+by-+om0 7 


and a'a+6’y+c’=0 and deduce the conditions 
that the lines may be (i) parallel | 


(ii) perpendicular, 
b) Show that the st. line 12y = 5a - 26 touches the circle 
a? +y2+ 149 —18y —-39=0 and find ‘the co-ordi- 
nates of the poe of contact. ears 


¢ 


ave Ho fee 1 “ . 
a ? x i tae eS ee : “venti gh, <aiitats ay aOR Be tsi saa INR Lies ie ie En ae ee rT trigid | Coe bie aya. ; ; ae 
ee Sn ? ; ae aa i EE a rip pn ciiteeuaebela Deas 2 SAA A RS laa a a a tt Bia Sep! og Sieh Satig ddan stat) ei gee tao appear ge Oded hing ake 
4 oe tid ef a sat ‘ee FRR " ith 2 pom aden aac 
Rid ied Miindbclnd aude Dt a alias eS Se Ses Seal 


1943 


L. — (ary bby tO at-+b®; be—ay=bay— 113 (32, 44+) 


2. (a) gxtfy=0 (>) 2V% | 
19447 
1. tan-(Z); 73 (9%) | 2, — (ax, tbyite)/ Va +6%. 
19450” 7 


2, a) 8a—5y=10, 


- p) 2la—28y=37. 
0, da-y=2, wt4y=9- 


by +24=0, Ba +3y+6= 


1. a) g-sy=l1.° 
Se+3y=28, 3e—- 
(b)ctty9=4 es , | | 
we QAB ae 
1. a) Bt es, py 2238; 8e-2y=1, wty=3. 
ob); O-)2 | 
en. 
1. (ax, rby, FOV ar+o%; CE, $) and (—3,48), Te-+17y=101, 
| Wen 1y—28=0,. Te+17y—270=0, Via-—Ty+141=0; 
a Be— l2y+121=0, © 24e-+10y= 129: eigen 
2. b) (a — 4)24-(y— 5)? =3> (a—7)*-+ (y— 6)7=8- 


— 1948 7 
s is the curve given by y? + by - 12% 


b) (7,9) 2-8) tan™ ea) abteatb=0, ga’ +bb!=0 


1. a) The locu —-3=0 
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